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RESUMO

Nesta dissertação, investigamos a influência do raio de conexão e da força de acoplamento na
sincronização e no surgimento de ondas viajantes em uma camada excitatória do hipocampo.
A atividade elétrica de cada neurônio é determinada pelo modelo integra-e-dispara exponen-
cial com adaptação. Observamos que, para alguns valores do raio de conexão, a força de
acoplamento influencia significativamente a dinâmica exibida na rede. Para alguns valores,
a sincronização dos potenciais de ação é alcançada, no entanto, ao aumentar a força de
acoplamento para valores mais altos a rede começa a exibir atividade de rajada de disparos. Para
valores específicos da força de acoplamento, a sincronização de rajada de disparos é observada,
estado associado a crises epilépticas. Portanto, o raio de conexão e a força de acoplamento
influenciam o padrão de disparo e a sincronização dos potenciais de ação. Um padrão espacial
interessante que emerge em nossa rede neuronal são as ondas viajantes. Tais ondas estão
presentes em diferentes regiões do cérebro e estão relacionadas a diversas tarefas cognitivas,
como informações espaciais e memória. Deste modo, entender os fatores que dão origem a esses
fenômenos é crucial para uma melhor compreensão da comunicação cerebral. Observamos
que a camada excitatória do hippocampo gera diversos padrões ondas, desde ondas em forma
de anel até ondas espirais. O padrão de onda espiral não é totalmente compreendido, no
entanto, é teorizado que tal onda modula a ativação e desativação de algumas regiões cerebrais
durante tarefas cognitivas específicas. Mostramos que as ondas espirais emergem em nossa
rede para uma vasta gama de raio de conexão e força de acoplamento. Motivados pela falta de
métodos simples e confiáveis para detectar quantitativamente ondas espirais, desenvolvemos um
método novo e confiável baseado em ferramentas de sincronização para medir ondas espirais.
Mostramos que os padrões de ondas espirais são fortemente dependentes do raio de conexão
e também das condições iniciais consideradas. Mostramos que, para alguns valores de raio
de conexão e força de acoplamento, o padrão de onda e os regimes bistáveis síncronos são
observáveis.

Palavras-chave: rede neuronal, sincronização, ondas viajantes, hipocampo, sinapses.



ABSTRACT

In this dissertation, we investigate the influence of the radius of connection and the coupling
strength on the synchronization and the emergence of traveling waves in a hippocampal layer of
excitatory neurons. The electrical activity of each neuron is given by the adaptive exponential
integrate-and-fire model. We noticed that for some values of connection radius, the coupling
strength greatly influences the dynamics exhibited in the network. For some values spike
synchronization is achieved, however, by increasing the coupling strength for higher values
the network starts to display bursting activity. For specific values of coupling strength burst
synchronization is observed, a state associated with epileptic seizures. Therefore, the radius of
connection and coupling strength controls the firing pattern and the synchronization of action
potentials. An interesting spatial pattern that emerges in our neuronal network is the traveling
waves. Such waves are present in different regions of the brain and are related to diverse
cognitive tasks for instance spatial information and memory. Thus, understanding the factors
that give rise to such phenomena is crucial for better insight into brain signaling. We observe
that the hippocampal excitatory layer generates diverse wave patterns from ring-shaped waves
to spiral waves. Spiral wave pattern is not fully understood, however, it is theorized that such
wave modulates the activation and deactivation of some brain regions during cognitive tasks.
We show that spiral waves emerge in our network for a vast range of connection radius and
coupling strength. Motivated by the lack of simple and reliable methods for quantitatively
detecting spiral waves we develop a novel and trustworthy method based on synchronization
tools for measuring spiral waves. We show that spiral wave patterns are strongly dependent on
the radius of connection and also on the initial conditions considered. We show that for some
values of radius of connection and coupling strength, wave pattern and synchronous bistable
regimes are observable.

Keywords: neuronal network, synchronization, traveling waves, hippocampus, synapses.



ABBREVIATIONS

PDE partial differential equation

ODE ordinary differential equation

WWW World Wide Web

LIF leaky integrate-and-fire

IF integrate-and-fire

HH Hodgkin-Huxley

ISI interspike-interval

CV coefficient of variation

A adaptation index

PS phase singularity



SYMBOLS LIST

Mi j Elements of the adjacency matrix

⟨k⟩ mean degree

p probability of connection

[K]in intracellular concentration

[K]out extracellular concentration

q charge

V electrical potential

T temperature

k number of connections

t time

C capacitance

Iext external current

IC capacitive current

IR resistive current

EL resting potential

gL membrane conductance

Vmax maximum potential of the membrane

Vreset reset potential

Iion ionic currents

gK potassium maximum conductance

gNa sodium maximum conductance

n potassium activation variable

m sodium activation variable

h sodium deactivation variable

EK potassium equilibrium potential

ENa sodium equilibrium potential

αn potassium rate of close to open



βn potassium rate of open to close

αm sodium rate of open to close

βm sodium rate of close to open

αh sodium rate of deactivation to activation

βh sodium rate of activation to deactivation

∆T slope factor

w adaptive current

τw time constant of adaptation

a subthreshold adaptation

ISI interspike interval

ISI mean interspike interval

F frequency

σISI standard deviation of interspike intervals

CV coefficient of variation

Isyn
i synaptic current

V j
rev reversal potential of neuron j

gi synaptic conductance

τg synaptic conductance time constant

gsyn coupling strength

N number of elements

R radius of connection

ϕi(t) phase of the neuron i

Z(t) temporal global Kuramoto order parameter

Zg mean global Kuramoto order parameter

Zi, j(t) temporal local Kuramoto order parameter

Zl,m temporal mean of the local Kuramoto order parameter

ZL mean of all Kuramoto order parameter

PS amount of phase singularities



CONTENTS

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 THEORETICAL FUNDAMENTALS . . . . . . . . . . . . . . . . . . . . . . . . 15

2.1 DYNAMICAL SYSTEMS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2 COMPLEX NETWORKS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.1 Local network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2.2 Random network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2.3 Small world network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2.4 Scale-free network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3 NEURONS PHYSIOLOGY AND ELECTROPHYSIOLOGY . . . . . . . . . . . 19

2.4 MATHEMATICAL NEURON MODELS . . . . . . . . . . . . . . . . . . . . . . 24

2.4.1 Neuronal modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4.2 Hodgkin-Huxley model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.4.3 Adaptive exponential integrate-and- model (AEIF) . . . . . . . . . . . . . . 30

3 METHOD AND ANALYSIS TOOLS . . . . . . . . . . . . . . . . . . . . . . . . 36

3.1 NEURONAL NETWORK MODEL . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.2 ANALYSIS TOOLS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.2.1 of variation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.2.2 Global Kuramoto order parameter . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2.3 Local Kuramoto order parameter . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.3 SIMULATION METHODOLOGY . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4 ONE EXCITATORY HIPPOCAMPAL LAYER . . . . . . . . . . . . . . . . . . 45

4.1 SYNCHRONIZATION AND FIRING PATTERN TRANSITION . . . . . . . . . . 45

4.2 WAVES AND SPIRAL DETECTIONS . . . . . . . . . . . . . . . . . . . . . . . 47

4.3 INITIAL CONDITION AND BISTABILITY . . . . . . . . . . . . . . . . . . . . 53

5 CONCLUSIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

6 FUTURE WORKS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  60. .

fire

Coefficient



12

1 INTRODUCTION

The nervous system and the brain are subjects that have been extensively studied for many
years. The brain is an organ responsible for controlling both conscious and unconscious
activities, such as breathing, vision, and thoughts, among many others (1). Firstly, the brain
was thought to be a dense mesh of thin filaments (2). After years of study, Santiago Ramón y
Cajal proposed that the brain is composed of elementary cells called neurons (2–5). Years later,
the excitability of neurons was shown. Nowadays, the concept of neurons composing the brain
and controlling the complex and vast activity of animals and humans is well established. Due
to the technological advances in different fields, humankind is able to explore and understand
different properties of brains and their fundamental unit called neurons (1, 6, 7). The advances
in technology have led scientists to understand the physiology and electrophysiology of neurons
and also their behavior as a collective system for instance synchronization and waves. These
studies have also deepened our understanding of different brain disorders such as epilepsy,
Alzheimer and Parkinson’s disease. Two hot topics of study in neuroscience are the traveling
waves (8–12) and the global synchronization of neurons (13–16). Traveling waves are associ-
ated with distinct cognitive tasks such as learning, memory and vision (8). However, excessive
synchronization is related to epileptic seizures (14). Therefore, investigating the properties and
activities of the brain is essential.

The collective activity of neurons has been a focus of study for a long time in neuroscience
due to its relation to healthy and unhealthy brains. In particular, epilepsy is associated with the
excessive firing and synchronization of brain regions (7, 13, 14). Such behavior can occur in
whole brain regions or smaller areas and the duration of epileptic crises varies from minutes to
hours (17–19). Studies have shown that partial epileptic seizures are triggered by the imbalance
of excitatory and inhibitory synapses (20). In vitro experiments have demonstrated that the
suppression of inhibitory and the enhancement in the excitatory synapses cause epileptic crises
(21, 22). Another collective activity that has gained attention from scientists is the traveling
waves (8–11). They are astounding spatial-temporal patterns that emerge in large brain regions
or localized, and their function over the brain functionality is not yet fully understood (8). It
was shown that the communication between the neocortex and hippocampus is mediated by
traveling waves (9, 11, 23). Especially in the hippocampus, the traveling waves are correlated
with the communication of neurons responsible for the encoding of spatial information (10)
and also with the long-term memory process (9). Such waves also play a role in modulating
the synaptic plasticity (8). Patten T. M. et al. (23) have shown that the properties of traveling
waves, such as propagation direction and speed, are correlated with specific cognitive tasks such
as reaction speed. In a recent study conducted by Xu, Y. et al(24), the emergence of a traveling
wave with the shape of a spiral (spiral wave) has been detected in the brain during resting
and cognitive activities. The authors demonstrated that multiple spirals interact regulating the
activation and deactivation of functional brain regions. They theorize that these spiral waves
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organize complex dynamics in the human brain by modulating healthy and pathological brain
activities, and they are intrinsically involved in cognitive processes.

To investigate and deepen our knowledge regarding neuronal activity, different mathematical
models were developed to simulate the electrical activity of neurons (25). Among the many
models proposed, the most used are the Izhikevich (25, 26), Rulkov map (27), Hodgkin-
Huxley (16, 21, 28), Hindmarsh-Rose (29, 30), leaky integrate-and-fire (31, 32) and adaptive
exponential integrate-and-fire (AEIF) models (13, 14, 33–35). Some models focus on the
detailed description of the diverse mechanisms involved in neuronal activity, for instance,
Hodgkin-Huxley model describes the dynamics of the ionic channels present in the neuronal
membrane (16, 36). While others emphasize the simple description of the action potentials,
for example the integrate-and-fire models and the Rulkov map (37). A model which is simple
enough for easy computational application and faithfully describes the mechanisms under the
neuronal activity in the adaptive exponential integrate-and-fire (AEIF) model (33, 34, 37). This
model is an improvement from the leaky integrate-and-fire model proposed by Lacpique in 1907
(31). Due to the addition of the exponential term and the adaptive current, the AEIF model
describes different firing patterns observed in cortical neurons by controlling a few parameters
(33). The parameters of the model can be experimentally measured providing more biophysical
meaning for the model. As a result of its simplicity and high biological accuracy, we consider
the AEIF model for describing the electrical activity of each neuron of our network.

The simulation of brain regions is done by combining complex networks and neuronal
models (25), where the nodes of the network are the neurons and the edges connecting the
nodes are the synapses (25, 37). Different network topologies have been applied to study the
activity of neuronal populations, for instance, random network (13, 14, 16) and biophysical
network (38, 39). The interaction between neurons generates a vast set of activities that can be
reproduced and investigated by computational modeling (13, 14, 16, 26, 40).

In this work, we consider the biophysical spatial distribution of an excitatory layer in
the hippocampus CA1 region (38, 39). The neurons are connected with each neighbor that
is within a radius of the connection, where each neuron’s electrical activity is given by the
AEIF model. We observe the presence of spike and burst1 firing patterns depending on the
coupling strength and the connection radius. A way of evaluating the firing pattern is by
considering the distribution of interval between each firing and its coefficient of variation (34).
The measurement of global and local synchronization can be done by calculating the Kuramoto
order parameter (41). Different works have shown the importance of synchronization and how
excessive synchronization is harmful to the brain (1, 7, 16). In the present dissertation, we
study the emergence of synchronization and traveling waves by varying the network parameters.
We propose a novel method for characterizing a specific type of traveling wave based on the
synchronization measurement tools.

This dissertation is organized in the following form: in Chapter 2, we present the funda-

1High frequency of firing followed by a silent period in which the neuron does not fire.



14

mental concepts for neuronal modeling. The first section presents a basic concept regarding
dynamical systems. The second section describes basic concepts about complex networks and
types of networks. In the third section of Chapter 2, neuron physiology and electrophysiology
are presented. In the last section, we present a method for mathematically modeling the
electrical activity of neurons, and we also introduce some models. In Chapter 3, we present the
methodology applied in developing this work. In the first section, we present the mathematical
model considered and describe the network. The second section presents the tools used for
the determination of firing patterns and for measuring synchronization. In the last section, the
computer setup and the numerical integrator are described. In Chapter 4, we present the results
obtained for the neuronal network considered. The first section shows the influence of the
network parameters over neuronal synchronization. In the next two sections, we present a novel
method for detecting waves and spiral waves in the network and we study the robustness of
these waves for different initial conditions. In Chapter 5, we draw our conclusions. In Chapter
6, possible future works to advance this work are discussed.
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2 THEORETICAL FUNDAMENTALS

In this chapter, we present basic concepts about dynamical systems, complex networks
neuronal physiology, and electrophysiology. Moreover, we derive the mathematical description
of the electrical activity of a neuron and describe some famous neuronal models: the Hodgkin-
Huxley model and the adaptive exponential integrate-and-fire (AEIF) model.

2.1 DYNAMICAL SYSTEMS

The dynamical system is the subject that studies the time evolution of a given system, where
equations are employed to describe the state that the system is and will be, given its initial
state (42). The concepts of dynamical systems are employed in diverse scientific fields such
as population growth (43), epidemiology (44), cardiac rhythms (45), neuroscience (25, 35) and
others (42, 46). Newton employed the motion equations to describe the movement of the Earth
around the Sun, given the inverse-square law of gravitational attraction between the bodies.
One of the main focuses of dynamical systems was the study of nonlinear oscillators and their
applications. Different scientists have ventured into dynamical systems such as Van der Pol,
Andronov, Cartwright and others (42). One topic of dynamical systems that has taken the
spotlight for a while was chaos, in which the system exhibits aperiodic activity and is sensitive
to small changes in the initial conditions (42, 46).

The states of a dynamical system are given by time-dependent and independent variables
and they can be described by partial differential equations (PDE), coupled ordinary differential
equations (ODE) or maps. The method by which the system is described influences how
time and space are perceived in the system, whether they are continuous or discrete. Partial
differential equations describe the space, time and the system’s state as continuous. Meanwhile,
when considering coupled ordinary differential equations the space of the system is discrete and
the time and state variables are continuous. Differential equations faithfully describe different
phenomena in the world due to their generalization. However, to integrate these equations
is necessary to employ numerical methods and the time to solve the equations varies from
milliseconds to days. The maps present a discretization of the time and space although the state
variables are continuous. The discretization of two variables makes the maps less general than
differential equations, however, the computational implementation of maps is faster and easier.
Table 2.1 summarizes the differences of the presented models. In this work, we consider a
differential equation model that describes the electrical activity of neurons.

2.2 COMPLEX NETWORKS

Networks are groups of elements that are connected to others. The elements that compose
a network are denominated vertices or nodes and the line that connects two or more elements
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Table 2.1 – Characteristics of each model (42, 46).

Model Time Space State variable Pros Cons
PDE Continuous Continuous Continuous Generalization Implementation

CODE Continuous Discrete Continuous Generalization Time
Maps Discrete Discrete Continuous Implementation No generalization

Source: the author.

is known as edges. The nodes and edges have different meanings in each system. For instance,
in neuronal networks, the nodes are considered to be neurons while the edges that connect one
neuron to another describe the synapses. In epidemiological studies, the nodes can represent
different populations and the edges of the way these populations interact (such as roads, streets,
and airspace, among others). Figure 1 presents an illustration of a network, where panels (a) and
(b) represent undirected and directed edges, respectively. The difference between both edges is
the orientation of from and to the information flows.

Figure 1 – Representation of a (a) undirected and (b) directed network. The red circles are the nodes and
the blue lines are the edges.

(a)
Undirected

(b)
Directed

Unidirectional

Bidirectional

Undirectional

Source: the author.

The study of complex networks started with the graph theory, where both terms network and
graph mean the same and they are represented in the same manner with nodes and edges. Paul
Erdös and Alfred Rényi (47) proposed a network where the edges were randomly designed using
probabilistic tools. After they started describing complex networks as graphs, two different
networks were proposed. Duncan Watts and Steven Strogatz (48) developed the “small-world”
network and in 1999 and Albert-László Barabási and Réka Albert (49) published their article
introducing a “scale-free” network.

In a network, the nodes are usually represented by an index i and the N is the total number
of nodes. The structure of the network is represented by the adjacency matrix M and, for a
directed network, its elements Mi j are given by

Mi j =

1, if element i is connected with j,

0, if i is not connected with j.
(2.1)

Here, the network is unweighted meaning that all edges have the same connection weight. One
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property of a network is the amount of connection ki that one element i possess

ki =
N

∑
j=1

Mi j, (2.2)

with ki only holding information about a single node of the network. To extend it to the
whole network, we calculate the mean number of connections, defined as the mean degree
of connection

⟨k⟩= 1
N

N

∑
i=1

ki. (2.3)

In the following subsections, we describe in more detail the random, local, small-world and
free-scale networks.

2.2.1 Local network

This type of network is part of the regular complex networks due to its symmetric topolog-
ical organization. In this type of network, the node i only connects to the closest neighbors j.
For instance, in a ring-shaped network, the node i connects only with its i−1 and i+1 nodes.
Figure 2 displays a representation of a ring-shaped local network.

Figure 2 – Ring-shaped local network where the first neighbors are coupled.

Source: the author.

2.2.2 Random network

The random network proposed by Erdös e Rényi (47), differently from regular networks,
does not show a symmetric organization. To construct a random network we first define the
number of nodes N, and after that, we connect a node to other elements with a probability p

given by

p =
kTotal

N(N −1)
, (2.4)

where kTotal is the total number of connections in the network and N(N − 1) is the maximum
number of connections in a network composed of N elements, discarding auto-connections.
Figure 3 exhibits a random network for two distinct values of p, where in panel (a) we consider
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p = 0.1 and in (b) p = 0.2. For the cases where p = 0 there is no connection in the network
while for p = 1, the whole network is connected, which is called a global network.

Figure 3 – Representation of a random network for two values of probability of connection, (a) p = 0.1
and (b) p = 0.2.

(a)
p = 0.1

(b)
p = 0.2

Source: the author.

2.2.3 Small world network

The small world network was inspired by the social studies conducted by Stanley Milgram
at Harvard University (50). Milgram’s experiment suggests that any two people in the world
can be connected by a chain of social connections. He found that the average social chain
between two people is around six connections. This social phenomenon was called the “small
world”. Inspired by Milgram’s experiment, two models became famous the Watts-Strogatz (48)
and Newman-Watts (51). Both models are depicted in Figure 4. Initially, (a) Watts-Strogatz
network is constructed as a regular network of N nodes connected with the closest neighbors.
Afterward, each edge is randomly reconnected to a new node with probability p. For 0 < p < 1,
the network exhibits local and non-local coupling. While for p = 0, the network is regular and
for p = 1 we have a random network. (b) The Newman-Watts network does not reconnect the
previous nodes from the regular network, they create new connections with other elements with
probability p. In this model, for p = 1 we obtain a global network.

2.2.4 Scale-free network

The scale-free network was proposed by Barabási and Albert in 1999 (49) while studying the
World Wide Web (WWW). The authors showed that a random network is not able to represent
the WWW since some nodes of WWW have more edges, Barabási and Albert denominated
such nodes as hubs. They also proposed that the number of connections within the network is
described by a power law distribution P(k) = k−γ , where k is the number of connections and γ

is the power law coefficient (2 ≤ γ ≤ 3). Another important property of scale-free networks is
that the network lacks a mean degree of connections due to the great variability of some nodes.
Figure 5 displays the topology of such a network.
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Figure 4 – Representation of a small-world network proposed by (a) Watts-Strogatz (48) (b) Newman-
Watts(51).

(a)

(b)

Source: the author.

Figure 5 – Representation of a scale-free network.

Font: the author.

2.3 NEURONS PHYSIOLOGY AND ELECTROPHYSIOLOGY

In 1871, the researcher German Josef von Gerlach proposed a theory that the brain was
composed of a dense mesh of thin filaments that together formed the nerve fibers, this theory
was called the “reticular theory” (2). Eleven years later, the “neuron theory” was proposed
by Santiago Ramón y Cajal (3–5). He stated that the brain consists of discrete elemental
components called neurons (2, 3). Using Golgi stain technique (2, 52) Cajal demonstrates
the presence of neurons and their organization in some brain regions (52). The polarization
of neurons was also discovered by Cajal and this discovery was entitled “law of dynamic
polarization” (3, 5).
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Nowadays, it is known that billions of neurons are present in our central nervous system.
The total number of neurons is estimated to be 86 billion (6, 53). It is possible to classify
neurons based on their morphological structure, such as multipolar, bipolar, pseudo-unipolar,
unipolar and others (1, 7, 54). Despite the wide variety of neuron types, it is possible to represent
almost all neurons with a simpler model composed of four parts: a receptor, integrator, long-
range transmitter and a secretory part. Each component is associated with specific parts of
neurons, which is represented in Figure 6. The dendrites (receptor component) are responsible
for receiving electrical and chemical impulses from other neurons. The nucleus (secretory
component) realizes the protein synthesis of the neuron, whereas the soma (integrator part)
processes the signals received by dendrites generating an action potential. The axon (long-
range transmitter) transmits the action potential until it arrives at the axon terminals, which
connect to other neurons (1, 54, 55). The myelin sheaths wrap the axon to increase the velocity
propagation of action potentials through the axon (1, 7).

Figure 6 – Simple representation of a neuron.
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The neuronal membrane consists of a bi-layer of lipids that separates the intracellular
(cytoplasm of the cell) from the extracellular fluid (outside medium) (54). Cations and anions
are present in the cytoplasm and the extracellular fluid mostly sodium (Na+), potassium (K+),
calcium (Ca2+) and chloride (Cl−)(25, 54). These ions are found on either side of the neuronal
membrane, however, at different concentrations creating an electrochemical gradient. Na+,
Cl− and Ca2+ are more concentrated in the extracellular medium. The intracellular medium
possesses a high concentration of positive ion K+ and anions usually denoted as A− (25). The
membrane acts as a barrier for the passive diffusion of all ions. However, it is permeable for
some ions and the exchange of ions from the extra to intracellular and vice-versa is mediated by
ion channels and ion pumps (1). Two types of ion channels are present in neurons: the resting
and voltage-gated channels (1, 54), with each type being permeable to different ions. Resting
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channels play a role in the passive activity of the membrane, maintaining the neuron in the
resting potential for the absence of stimulus (1). Voltage-gated channels are deeply involved in
action potential generation. Some channels stay closed while no stimulus arrives at the neuron
otherwise, they open allowing the passage of ions through the membrane (1, 6).

At rest, neurons possess a characteristic electric potential value of approximately -75 mV
(1). However, a question may arise; how do neurons maintain this electric potential in the
absence of stimulus or some kind of battery? To answer this question and others, we first
must understand the ionic flux through resting channels. Let us assume an initial state where
most K+ and A− are in the cytoplasm meanwhile, Na+ and Cl− are outside the neuron. The
membrane blocks the diffusion of ions, however, there are resting channels that grant passage
of a specific type of ion (mostly K+). Since the resting channels allow diffusion of K+, there
are two possible states for K+ concentration: inside the neuron ([K]in) and outside the neuron
([K]out). A well-known equation for physicists can be employed to describe the ratio of outside
and inside concentration, the Boltzmann equation (56)

[K]out
[K]in

= exp
(
−q

∆V
kT

)
, (2.5)

where q is the charge of the ion, ∆V is the difference between inside and outside electrical
potential (Vin −Vout), k is the Boltzmann constant and T is the temperature. Applying the
natural logarithm to both sides of Equation (2.5), we rewrite it as

EK =−kT
q

ln
(
[K]out
[K]in

)
, (2.6)

where EK is the equilibrium potential of K+. Equation (2.6) is known as Nerst equation (1, 25,
56), and it describes the equilibrium potential where ions stop flowing through resting channels.
This equation can also be achieved by using Fick’s first law and Ohm’s law (25, 57). K+

diffusion through the resting channels is described by Fick’s first law. As more ions flow to the
outer region, extracellular K+ creates an electrical field that blocks the flow of the same ions
(25). Table (2.2) shows the concentrations of the most abundant ions inside and outside neurons
(1).

Table 2.2 – Concentrations and equilibrium potential of the major type of ions in the Giant Axon of the
Squid.

Ion [ion]inside (mM) [ion]outside (mM) Equilibrium potential (mV)
K+ 400 20 -75
Na+ 50 440 +55
Cl− 52 560 -60
A− 385 none none

Font: Adapted from: Kandel, E. R. and Schwartz, J. H. and Jessell, T. M. Principles of Neural Science.
Elsevier, 2013, 5th edition.
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Voltage-gated channels act differently from resting channels. They open and close de-
pending on the membrane potential of the neuron, where the two abundant voltage-dependent
channels are the K+ and Na+ (1). These channels are found throughout the entire neuronal
membrane and they are the main factor for the generation of action potentials. Figure 7 displays
potassium resting channel in yellow, potassium voltage-gated in red and sodium voltage-gated
in purple for two situations: the panel (a) shows when the neuron is at rest and the panel (b)
when a stimulus is applied to the neuron. In the lack of stimulus (Figure 7 (a)), the voltage-
gated channels stay closed and no ion passes through them. Only the resting channel stays open
and K+ ions only pass through this channel to achieve the equilibrium potential. Applying a
stimulus to the neuron (Figure 7 (b)) changes the membrane potential and the voltage-dependent
channels open for a while. Due to the difference in concentration of some ions, they start to flow
to the inside of the neuron. After a while, some channels close and others deactivate, meanwhile
the resting channels stay open. The voltage-gated channels play a role in the generation of action
potentials in the axon (1, 6).

Figure 7 – Representation of three ionic channels in two different cases. The channels depicted are the
resting potassium channel in yellow, the voltage-gated potassium channel in red and the voltage-gated
sodium channel in purple. (a) the neuron is at rest and (b) a stimulus is applied to the neuron.
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Action potentials are known as “all-or-none” potentials (25), due to their dependency on the
intensity and duration of the stimulus (25, 53). The generation of an action potential is due to
the response of K+ and Na+ voltage-gated channels to the changes in the intracellular potential.
Figure 8 exhibits an action potential of a single neuron. Initially, the neuron is at the resting
potential. The application of a current to the neuron increases the membrane potential (V ) until
it reaches the threshold (25). The threshold potential varies from neuron to neuron however it
is usually in the range [−55,−50] mV (58). If the stimulus is not intense or long enough, the
membrane potential increases although does not reach the threshold, and therefore, an action
potential is not produced. When the threshold is reached, the neuron starts to depolarize. In the
depolarization, the Na+ channels open allowing a fast diffusion of sodium ions to intracellular
fluid due to the gradient of concentration, the membrane potential quickly increases and even
becomes positive (1, 59). After the peak of the action potential (V ≈ 40 mV), the sodium
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channels are inactivated and the K+ channels open, initiating the repolarization process. A great
amount of potassium ions flow to the inside of the neuron reducing the potential to negative
values. Differently from sodium channels, potassium channels do not inactivate and thus, they
slowly close which leads to hyperpolarization. In this period, the neuron is less likely to fire a
new action potential due to its membrane potential being below the resting potential, and this
time interval is denominated as refractory period (53). Other ionic channels play a role in the
firing of action potential. For instance, calcium channels (Ca+2) influence the shape of the
action potential during the depolarization.

Figure 8 – An action potential of a regular neuron, describing resting (red line), depolarization (blue
line), repolarization (magenta line), and hyperpolarization (green line) states. The threshold potential is
shown by the black dashed line and the pink vertical dashed lines represent the refractory interval.
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The action potential propagates through the axon, once it reaches the axonic terminals the
neuron communicates with other neurons through synapses (1, 54). The neurons that send and
receive the information are denominated as presynaptic and postsynaptic neurons (1, 54, 58),
respectively. Two types of synapses can be found in the brain electrical and chemical synapses
(54), which are displayed in Figure 9. The electrical synapses (Figure 9 (a)) occur through
gap junction channels (54) which are low resistive pathways. This synapse is particularly
fast, less than 0.1 ms (54), due to the direct transmission of the information through the gap
junction channels. Electrical synapses are bidirectional, where the information can flow from
presynaptic to postsynaptic and vice-versa (54). The arrows in the gap junction channels in
Figure 9 (a) illustrates this bidirectional property of electrical synapses. In adult mammalian
brains, electrical synapses are located in regions where high synchronization is necessary (54).

Chemical synapses (Figure 9 (b)), contrarily from electrical synapses, are located in the
whole mammalian brain and are unidirectional (1, 54). This synapse is mediated by neuro-
transmitters which are stored in synaptic vesicles. The depolarization of the axonic terminals
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moves the synaptic vesicles to the neuronal membrane and they fuse after that the fused vesicles
abruptly rupture, releasing the neurotransmitters in the synaptic cleft (the gap between pre
and postsynaptic neurons) (1). The neurotransmitters cross the synaptic cleft arriving at the
postsynaptic receptors, which are responsible for allowing the passage of the neurotransmitters
to the cytoplasm of the postsynaptic neuron. The neurotransmitters provoke a change in
the membrane potential of the postsynaptic neuron. Depending on the neurotransmitter, the
postsynaptic neuron depolarizes or repolarizes. Depolarizing neurotransmitters are classified
as excitatory and glutamate is the main excitatory neurotransmitter (1, 54). Meanwhile,
repolarizing neurotransmitters are known as inhibitory and γ-aminobutyric (GABA) is the
major inhibitory neurotransmitter (54, 59). Neurons are specialized to release only one type
of neurotransmitter, either excitatory or inhibitory (1, 60).

Figure 9 – Representation of the (a) electric and (b) chemical synapses. It identifies the main components
of each synapse.
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2.4 MATHEMATICAL NEURON MODELS

Mathematical models are proposed to improve our comprehension of different phenomena
and also to predict future states of a system. In the 20th century, the mathematical description
of the electrophysiology of neurons has been a hot topic, due to its capability of studying and
reproducing an extensive variety of neuronal activity observed in vivo (25, 37, 55). For instance,
some models that have been widely employed are Hodgkin & Huxley (16, 36), Hindmarsh-Rose
(29), Izhikevich (26), Rulkov’s map (27), integrate-and-fire (IF) (31) and adaptive exponential
integrate-and-fire (AEIF) (14, 33, 35). Despite the uniqueness of each model, it is possible
to characterize them into two groups: the ones that seek a simplified description while others
describe in detail the mechanisms responsible for an action potential generation (37).

The focus of this section lies in the description and characterization of the adaptive expo-
nential integrate-and-fire (AEIF) model which is used in this dissertation. We also discuss a
method for the modeling of the electrical activity of neurons. Moreover, we discuss one of the
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most influential neuronal models, the Hodking & Huxley model. Throughout the dissertation,
we consider punctual neurons and do not take into account the morphological properties of
neurons as well as the propagation of action potentials. We focus on the description of the
main electrophysiological characteristics. The models presented in this section are composed
of ordinary differential equations (ODE), in which we employ the 4th order Runge-Kutta with
constant step h = 0.05 ms to integrate them. The simulations in this section were run in the 105
Group Science’s lab (table 3.2); unless stated otherwise.

2.4.1 Neuronal modeling

In this subsection, we demonstrate how to mathematically describe the action potential of
a single neuron, taking into account the electrophysiology properties of neurons. First, let us
consider a single neuron in the brain which is bathed in the extracellular fluid. As discussed
in Section 2.2, the intra and extracellular regions possess opposite electrical charges and the
neuronal membrane separates both regions (1, 25, 54). This system can be understood as an
electrical capacitor of two conductor plates (intracellular and extracellular regions) separated
by an insulator (neuronal membrane). The comparison between neurons and capacitors extends
to neuron depolarization due to an electrical current, capacitors (similarly neurons) become
more positively charged when a current is applied. Hence, it is possible to write the following
equation to describe the potential of a neuron when an external current Iext is injected

C
dV
dt

= Iext, (2.7)

where C is the capacitance and V is the potential. This equation is obtained by taking the time
derivative of the capacitor equation (Q = CV ). Equation 2.7 is an oversimplification of the
electrical potential of neurons as it does not reproduce the other parts of an action potential
or other electrophysiological properties such as the repolarization, resting potential and ion
channels. Some of these properties are easily represented as electrical circuit components.
The resting potential is equivalent to a battery EL (with the same potential as the equilibrium
potential described by Nerst’s equation) and the leaky channels are represented by a resistor R.
Figure 10 displays the electrical circuit that represents a neuron. Using the electrical current
conservation law we can write

Iext = IC + IR, (2.8)

where IC is the capacitive current and IR is the current through the resistor. By taking the time
derivative of the capacitor equation we have IC given by IC = CdV/dt. Considering that the
resistor is ohmic, we can write the current that crosses the resistance as

IR =
(V −EL)

R
, (2.9)
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Figure 10 – RC circuit equivalent a neuron electrical activity.
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where EL is the resting potential and R is the membrane resistance. Replacing IC and IR in
Equation 2.8, we describe the rate of change of the electrical potential along the time

C
dV
dt

=−gL(V −EL)+ Iext, (2.10)

where gL is the membrane conductance (gL = 1/R).
In 1907, despite the lack of knowledge about the mechanism behind the firing of action

potentials, Louis Lapicque proposed the leaky integrate-and-fire model (LIF) for a single
neuron, given by Equation (2.10) (31). He proposed that the neuron can be represented by
an RC circuit as discussed in the previous paragraph. However, Equation (2.10) alone cannot
fully describe an action potential, leading Lapicque to introduce a reset parameter for V when
an action potential is fired (31). When the membrane potential reaches a maximum value
(V ≥ Vmax), the potential resets to a value V → Vreset, meaning that the capacitor discharges
when the potential is equal or greater than a threshold value. The reset parameter can be
measured experimentally through voltage traces analysis (61). Figure 11 display the membrane
potential as a function of time for Equation (2.10) when no reset condition is applied (panel
(a)) and when the reset condition is considered according to Lapicque’s model (panel (b)).
In panel (a), we observe that the potential increases until it reaches a plateau, and no action
potential is produced since the capacitor does not discharge. On the other hand, in panel (b),
the consideration of the reset condition generates action potentials. Models that adopt reset
mechanisms for the description of repolarization of neurons are known as integrate-and-fire
(IF) models (31, 33, 37). Despite the simplification of the repolarization process, these models
reproduce several electrical activities observed in both animal and human brains (13, 14, 37, 62).

Including a reset condition to equation 2.10 is one approach to describe the potential of a
neuron even though the voltage-gated ionic channels are not considered. Now we take a more
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Figure 11 – LIF model when (a) no reset condition is considered and (b) considering the reset condition
V → Vreset when V ≥ Vmax. We consider the following parameters C = 280 pF, gL = 12 nS, EL = −70
mV, Vreset = EL and Iext = 509 pA (33). Simulation duration = 0.018 s.
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biophysical approach by starting from Equation (2.10) and adding a current which describes the
voltage-gated channels (Iion(V ))

C
dV
dt

=−gL(V −EL)+ Iext + Iion(V ). (2.11)

Models that describe the dynamics of the voltage-gated channels are known as conductance-
base models, and they are mainly influenced by the model proposed by Hodkin and Huxley (36).
This approach models not only the membrane potential as well the influence of the channels
over the action potential. The biophysical accuracy of such models is superior to IF models,
although the computational cost of conductance-based models is higher. In subsection 2.3.2,
we describe the Hodgkin-Huxley (HH) model (16, 36).

2.4.2 Hodgkin-Huxley model

Alan Hodgkin and Andrew Huxley were one of the most influential electrophysiologists
in the 20th century (1, 25). They started working together in 1935 and published the first
measurement of an action potential in history (63). Despite their great success in measuring
an action potential, they had to stop their research work due to Hitler’s invasion of Poland in
World War Two (64). In 1945, Hodgkin and Huxley proposed a method for recording directly
the ionic current flow through the membrane of a squid giant axon (axon diameter ≈ 500 µm)
(36, 65), a method denominated as patch-clamp (65). Hodgkin and Huxley’s research apex was
their five publications in 1952 about their mathematical model that mimics the action potentials
of a squid giant axon (28, 66–69). They bathed the giant axon in a salt solution and using the
patch-clamp technique, they were able to measure the currents through the membrane. During
their experiments, they were able to measure the maximum conductance value of the K+ and
Na+ channels. With this apparatus, they were able to record and mathematically describe the
dynamics of potassium and sodium voltage-gated channels in the membrane. Hodgkin-Huxley
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(HH) model is a very biophysical accurate model due to the detailed description of the ionic
currents present in neurons.

To represent the influence of the voltage-gated channels on the electrical potential of a
neuron, Hodgkin and Huxley added two more resistors to represent the potassium current IK

and sodium current INa. Figure 12 shows the electrical circuit of the HH model. The difference
between the LIF and HH circuits is the presence of two resistors. The diagonal arrows across
the resistors indicate that the resistance value is not constant. The conductance of the potassium,
sodium and leak channels are represented by gK, gNa, and gL, respectively. The HH model is

Figure 12 – Hodgkin & Huxley circuit for a squid giant axon.
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described by four ODEs: one for the membrane potential V , one for the potassium channels
activation n, one for the activation of sodium channels m, and the last equation describes the
inactivation of sodium channels h. These four ODEs are the following:

C
dV
dt

= −gL(V −EL)−

IK︷ ︸︸ ︷
gKn4(V −EK)−gNam3h(V −ENa)︸ ︷︷ ︸

INa

+Iext, (2.12)

dn
dt

= αn(V )(1−n)−βn(V )n, (2.13)

dm
dt

= αm(V )(1−m)−βm(V )m, (2.14)

dh
dt

= αh(V )(1−h)−βh(V )h, (2.15)

where C is the capacitance of the membrane, gL is the leaky conductance, EL is the rest potential,
gK is the potassium maximum conductance, EK is the equilibrium potential of the potassium
ions, gNa is the maximum conductance of the sodium ions, ENa is the equilibrium potential of
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sodium ions and Iext is the external current applied to the neuron. The variables α and β are
the rate at which the channels transition from closed to open and open to closed, respectively.
Hodgkin and Huxley described α and β for squid axon as (28)

αn(V ) = 0.01
V +10

exp(0.1(V +10))−1
, (2.16)

βn(V ) = 0.125exp
(
− V

80

)
, (2.17)

αm(V ) = 0.1
V +25

exp(0.1(V +25))−1
, (2.18)

βm(V ) = 4exp
(

V
18

)
, (2.19)

αh(V ) = 0.07exp
(

V
20

)
, (2.20)

βh(V ) =
1

exp(0.1(V +30))+1
. (2.21)

Figure 13 (a) displays the membrane potential V using the HH model and the external
current pulse Iext applied to the neuron, where each current pulse has a duration of 2 ms. The
panel (b) shows the respective gating variables n, m and h. The parameters were taken from
Hodgkin and Huxley’s paper from 1952 (28), where the membrane potential is shifted so that
the resting potential is at 0 mV (25, 28). At 40 ms a pulse of Iext = 3 µA/cm2 is applied to
the neuron, and due to the low amplitude of the current no action potential is generated. Later,
for Iext = 8 µA/cm2, an action potential is produced, although, a reapplication of the current
right after the firing does not trigger a new action potential due to the hyperpolarization phase.
The gating variables show how the channels work during the firing of action potentials. n

represents the activation of the potassium voltage-gated channels, which open fast during an
action potential, however, not as fast as the m variable that describes the activation of sodium
channels. The inactivation of the sodium channels is represented by h, and after the action
potential these channels become inactivated very fast. This inactivation is the reason why there
are no generation of successive action potentials.

Table 2.3 associates the mathematical description with its biological counterpart. Despite
the lack of knowledge about the mechanism of ion channels, Hodking and Huxley’s proposal of
the 4th and cubic power in n and m, respectively, elucidated a fundamental mechanism behind
ion channels. They reached n4 and m3 through fitting experimental data. However, years later
it was discovered that these powers are related to gates that compose ion channels (25). Four
activation gates compose the potassium channels, three activation gates and one inactivation
gate compose the sodium channels.
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Figure 13 – (a) The current pulses applied to the neuron and the membrane potential V and (b) the
respective gating variable n, m and h. We consider C = 1 pF, gL = 12 nS, EL = 10.6 mV, ENa = 120 mV,
EK =−12 mV, gNa = 120 nS, gK = 36 nS and gL = 0.3 nS (28). Simulation time = 0.01 seconds.
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Table 2.3 – Equivalency of the mathematical description with the biological counterpart.

Mathematical description Biophysical meaning

gL,gK,gNa
Conductance of the leaky, potassium and
sodium channels.

EL,EK,ENa
Equilibrium potential of leaky, potassium and
sodium ions.

n4 Activation of potassium channels.
m3 Activation of sodium channels.
h Inactivation of sodium channels.

Iext External stimulus.

gL(V −EL)

Leaky current across the membrane, ions flow
through resting channels equilibrating the con-
centrations of the intra and extracellular re-
gions, mostly Cl−.

gKn4(V −EK)
Potassium current across the voltage-gated
channels.

gNam3h(V −ENa)
Sodium current across the voltage-gated chan-
nels.

Font: the author.

2.4.3 Adaptive exponential integrate-and-fire model (AEIF)

In 2005, Brette and Gerstner (33) proposed the adaptive exponential integrate-and-fire
model (AEIF). This model is an improvement of the LIF model, where they consider an
exponential term and an adaptive current to better describe the slow dynamics of potassium ions
(33, 34). The exponential term describes the fast increase of the potential when the threshold
potential is reached (33, 37). Due to these enhancements, the model reproduces different
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activities observed in cortical neurons (34, 37, 70). The AEIF model consists of two differential
equations: one describing the membrane potential V and the other representing the adaptive
current w. They are written as

C
dV
dt

= −gL(V −EL)+gL∆T exp
(

V −VT

∆T

)
−w+ I, (2.22)

τw
dw
dt

= a(V −EL)−w, (2.23)

where C is the capacitance, gL is the leak conductance, ∆T is the slope factor, VT is the threshold
potential, I is the injected current, τw is the adaptation time constant and a is the adaptation
coupling parameter. These parameters have physiological meaning (33, 37), which we will
discuss shortly, allowing the model to reproduce activity observed in real neurons (71–73). In
the LIF model, a reset condition is applied to the neuron when the membrane potential surpasses
a maximum value. The AEIF model has a similar mechanic of resetting the variables: when
V ≥ Vmax one reset condition is applied to the membrane potential and another to the adaptive
current

V → Vreset, (2.24)

w → wreset = w+b, (2.25)

where Vreset is the reset value of the membrane potential and b is an increment in the adaptive
current (33). The parameters considered in this work are displayed in table 2.4, unless stated
otherwise.

Table 2.4 – Parameters used in the AEIF simulations in this work.

C gL EL ∆T VT τw a Vmax
200 pF 12 nS -70 mV 2 mV -50 mV 300 ms 2 nS -40 mV

Font: BRETTE, R.; GERSTNER, W. Adaptive exponential integrate-and-fire model as an effective
description of neuronal activity. Journal of Neurophysiology, v. 94, n. 5, p. 3637–3642, 2005.

The AEIF model describes different mechanisms involved in the generation of action
potentials. The term gL(V − EL) represents the leak current, taking the neuron to its rest
potential EL, which is associated with the flow of ions through resting channels. To faithfully
describe the activation of an action potential, Brette and Gerstner (33) added an exponential
function gL∆T exp((V −VT)/∆T). This term approximately describes the fast activation of the
sodium channels during the depolarization process (33, 37). For V > VT, the exponential term
assumes high values reproducing the fast flow of sodium to the inside of the neuron. The
adaptive current w directly affects the neuronal potential since it describes the slow dynamics
of some ion channels (37), for instance, the potassium channel. The adaptive time constant τw

and the adaptation coupling parameter a are related to the slow channel. τw is the same time



32

constant that is measured of a channel and a is the sensitivity of the channel to a change in the
membrane potential. To induce action potentials firing in the model, a depolarizing current I is
applied to the neuron. The description of the terms of the model is summarized in the table 2.5.

Table 2.5 – Equivalency of the mathematical description with the biological counterpart.

Mathematical description Biophysical meaning

gL(V −EL)
Leaky current across the membrane, ions flow
through resting channels.

gL∆T exp
(

V −VT

∆T

)
Fast activation fo sodium channels during depo-
larization.

w
Slow dynamics of specific ion channels for in-
stance potassium channels.

Source: the author.

One of the most important and essential information about neurons is their firing frequency
denoted by F (1, 33, 37). The firing frequency of a neuron can be calculated by determining the
time between two successive action potentials. This time interval is called interspike-intervals
(ISI), see Figure 14. The ISI of two spiking is ISIn = tn+1− tn, where tn is the nth spiking of the
neuron after a transient time interval (34). The mean ISI is defined as

ISI =
1

nfinal −ninitial −1

nfinal

∑
n=ninitial

ISIn, (2.26)

where nfinal is the last spiking of the simulation, ninitial is the first action potential after the
transient interval. The frequency rate is the inverse of the mean ISI, F = ISI−1. The F-I diagram

Figure 14 – Representation of the spike time tn and the ISI. We consider I = 500 pA, Vreset = −68 mV
and b = 60 pA.
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is a well-known method used in neuroscience to understand the relationship between an applied
current and the frequency produced in the neuron (37, 74). This diagram is also employed
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to study the influence of the current in the neuronal models (74). Figure 15 displays the F-I
relation for the AEIF model. The different symbols and colors represent the different frequency
bands δ frequency (0.5 — 4 Hz) in blue square, θ frequency (4 — 8 Hz) in magenta hexagon, α

frequency (8 — 13 Hz) in brown circles, β frequency (13 — 35 Hz) in yellow diamonds, and γ

frequency (35+ Hz) in red triangles. These frequency bands are related to some cognitive tasks
(75). The frequency increases linearly with the current amplitude for I > 225 pA whereas for
lower values no spiking is observed. The minimum current necessary for the generation of an
action potential is called rheobase current (1, 34, 37). The rheobase current in the AEIF model
is given by Equation (2.28) if a/gL > C/(gLτw) and by Equation (2.28) if a/gL < C/(gLτw)

(34)

Irheo = (gL +a)
[
VT −EL −∆T +∆T ln

(
1+

τm

τw

)]
+∆TgL

(
a
gL

− τm

τw

)
, (2.27)

Irheo = (gL +a)
[
VT −EL −∆T +∆T ln

(
1+

a
gL

)]
. (2.28)

Figure 15 – F-I diagram of the AEIF model. We consider I = 500 pA, Vreset =−68 mV and b = 60 pA.
Simulation time = 0.013s
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The AEIF model is capable of reproducing different firing patterns from adaptive spiking to
irregular bursting. Different combinations of the reset parameters (Vreset,b) produce this variety
of patterns (33, 34). Figure 16 displays the five patterns which the AEIF model reproduces:
adaptation spike (Vreset =−68 mV, b = 60 pA), tonic spike (Vreset =−65 mV, b = 5 pA), initial
burst (Vreset =−48.8 mV, b= 35 pA), regular burst (Vreset =−47.4 mV, b= 41 pA) and irregular
burst (Vreset =−47.4 mV, b = 41.2 pA). To identify these distinct firing patterns is necessary to
calculate the coefficient of variation (CV), and the adaptation index (A) and to analyze the reset
regions of V and w in the phase plane (34, 37).

In this work, we focus our analysis on the coefficient of variation (CV) that identifies



34

Figure 16 – Firing patterns of the AEIF model, these patterns are obtained by different combinations of
the reset parameters. We consider I = 500 pA. Simulation time = 0.011 s.
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spike and burst activity. Spikes are patterns of isolated action potentials followed by a period
of silence where the neuron does not fire, for instance, the adaptive spiking in Figure 16.
Meanwhile, burst activity is a pattern of clustered spikes followed by a long period in which
the neuron does not produce action potentials, for example, the regular bursting in Figure 16.
Neurons can exhibit spiking or bursting activity during the application of a stimulus. Analyzing
the time series of the membrane potential makes it possible to identify each. The coefficient of
variation (CV) is a statistical tool that enables us to quantitively distinguish both patterns. The
CV is defined as

CV =
σISI

ISI
, (2.29)

where σISI is the standard deviation of ISIs and ISI is the mean ISI (13, 34, 35). This tool
analyzes the variability of the interspike intervals, and it is able to detect spiking and bursting
due to the great variability of the ISIs in the bursting pattern. Spiking and bursting activity
produce distinct values of CV. A neuron in a spiking pattern yields CV < 0.5, whereas bursting
activity yields CV ≥ 0.5. (13, 34, 35). Figure 17 displays the reset parameters combinations
that produce spike or burst in the model. In region I only spikes are produced (CV < 0.5) and
bursts are observed in region II (CV ≥ 0.5). The model generates a burst activity for values of
Vreset closer to the Vmax. To analyze the firing patterns of a single neuron, we consider a transient
time of tinital = 1 s and the end of simulation tfinal = 5 s.

The Hodgkin-Huxley and AEIF models are two of the most commonly used models for
describing the electrical activity of a neuron or populations of neurons (14, 16, 35, 37). For
instance, to describe more precisely the activity of human neurons some adaptation must be
done in the Hodking-Huxley model since this model lacks the dynamics of certain ionic chan-
nels such as calcium and slow potassium (16, 76). Borges et al. (16) have modeled a random
network of spike neurons considering the calcium and slow potassium ionic currents. They have
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Figure 17 – Region I (beige color) represents the spike activity and region II (red color) the burst behavior.
We consider I = 500 pA. Simulation time = 5 minutes and 3.392 seconds.
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shown that in the presence of slow potassium dynamics, the neurons are capable of producing
bursting activity which is not observed in the original Hodgkin-Huxley model. Furthermore,
they have demonstrated that calcium channels attenuate the emergence of synchronous bistable
states. The AEIF model has been extensively applied for the study of multiple brain activities
(12–14, 35, 37, 71, 72). For instance, Souza et al. (12) have shown that this model is capable
of reproducing multiple wave patterns experimentally observed in the brain. Protachevicz et
al. (13) demonstrated that bistable states can be modeled by a population of AEIF neurons.
They theorized that such activity is linked with the slow dynamics of the adaptive current
variable. In the following chapter, we introduce the network model of an excitatory layer of
the hippocampus and the diagnostic tools that we consider in this dissertation.
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3 METHOD AND ANALYSIS TOOLS

In this chapter, we present the network of adaptive exponential integrate-and-fire neurons
considered in this work. The analysis tools we consider are the coefficient of variation (CV)
and the Kuramoto order parameters. The CV was presented in the previous chapter and is
discussed in more detail in subsection 3.2.1. The Kuramoto order parameters are statistical
tools that measure the synchronization degree of coupled elements. The global order parameter
determines the synchronization of the entire network, while the local order parameter measures
the synchronization of nearby elements.

3.1 NEURONAL NETWORK MODEL

To describe a network composed of N AEIF neurons, we have to modify the equation 2.23
presented for a single neuron. The model lacks the synaptic input that a neuron i receives and
sends. Therefore, we add a term to describe the synaptic current (Isyn

i ). The following equations
describe a network composed of excitatory AEIF neurons connected by chemical synapses

C
dVi

dt
= −gL(Vi −EL)+gL∆T exp

(
Vi −VT

∆T

)
−wi + I +

N

∑
j=1

(V j
rev −Vi)M jig j︸ ︷︷ ︸

Isyn
i

, (3.1)

τw
dwi

dt
= a(Vi −EL)−wi, (3.2)

τg
dgi

dt
= −gi, (3.3)

where Vi, wi and gi describe the potential, adaptative current, and the synaptic conductance,

respectively, of the ith neuron. The synaptic current term Isyn
i =

N

∑
j=1

(V j
rev −Vi)M jig j describes

the chemical synapses that arrive at neuron i, where V j
rev is the reverse potential of the j-neuron,

M ji is the adjacency matrix (M ji = 0 if j-neuron is not connected with i-neuron and M ji = 1
otherwise) and the g j is the synaptic conductance. The reverse potential V j

rev is V j
rev = 0 mV

for excitatory neurons. This value is associated with the positive flux of current to the post-
synaptic neuron after receiving the excitatory chemical synapses. In a single-cell model, two
reset parameters are necessary to describe the model when Vi ≥ Vmax. However, in a network,
one more reset condition is necessary gi → gi+gsyn, where gsyn is the coupling strength between
two neurons. When the j-neuron fires Vj >Vmax this reset condition is applied to the i-th neurons
synaptic conductance. To simulate the network, we consider the parameters presented in Table
2.4, with the fixed reset parameters Vreset = −58 mV and b = 70 pA. A constant current is
applied to each neuron I = 500 pA. To avoid any transient effect and to ensure the stability of
the firing patterns, we consider the final 5 seconds of the 30-second simulation.

The neurons in our network are organized following the spatial distribution of the hippocam-
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pus CA1 region, which was demonstrated by Bezaire et al. (38, 39) in 2016. They showed that
the CA1 of a rodent can be represented as the combination of ten neuron layers where different
morphological neurons compose each layer. In their work, the authors construct a biophysical
network composed of 9 types of morphological neurons, each with its specific shape, con-
nectivity and functionality (39). However, since we consider punctual neurons in this work,
we simplify these nine types into their synaptic output type, excitatory or inhibitory. Figure
18 displays a simplified representation of Bezaire’s network (considering that the neurons are
either excitatory or inhibitory), where the blueish rectangles represent the inhibitory layers, the
reddish rectangles illustrate the excitatory layers and the z position of each layer are depicted as
well. Most layers have only one type of neuron, excitatory or inhibitory, although, there is one
layer, located at z = 125 µm, where both neurons are present. The information regarding the
spatial distribution of each neuron type in Bezaire’s network is displayed in Table 3.1 to avoid
confusion about each neuron type name we denominate them as T1, T2, T3, . . . , T9.

Most excitatory neurons in the hippocampus possess long axons which enable their con-
nections with inhibitory neurons in far layers and with different regions of the hippocampus
(39, 77). However, in our network, the neurons are single-compartment1 models and lacks the
morphology for the long-distance coupling of excitatory and inhibitory neurons. Therefore, we
consider a single excitatory layer at z = 105 µm and investigate the dynamics that emerge in
such a bidirectional network. Since we consider one excitatory layer, we represent the coupling
between neurons as local connections maintaining some biophysical accuracy. We consider a
1000×1000 µm layer which is composed of 17,324 neurons. The superficial neuronal density
in our model is measured in the CA1 region (38, 78, 79). Figure 19 displays a representation of
the spatial distribution of the layer considered in this dissertation.

Table 3.1 – Spatial distribution of each neuron type (T1, T2, . . . , T9). Where x0, y0, and z0 represent the
position of the first neuron of each type, δx, δy, and δz are the (x, y, z) distance of two similar neurons.

Excitatory Inhibitory
T1 T2 T3 T4 T5 T6 T7 T8 T9

x0 (µm) 3.5 19.5 19.5 14.0 7.5 10.5 25.5 34.0 22.0
δx (µm) 7.0 38.0 39.0 28.0 15.0 21.0 51.0 68.0 44.0
y0 (µm) 4.0 26.0 31.0 19.0 14.0 26.0 31.0 71.0 25.0
δy (µm) 8.0 62 45.0 38.0 28.0 33.0 52.0 142.0 50.0
z0 (µm) 105.0 50.0 125.0 125.0 125.0 125.0 125.0 250.0 375.0
δz (µm) 10.0 none none none none none none none 50
Nº layers 5 1 1 1 1 1 1 1 2

Nº neurons 311,500 1640 2210 3600 8810 5530 1470 400 3580

Source: the authors.

In our network, the neurons only establish local connections with other neurons inside a
radius R. Let us consider one layer and two neurons that compose it, with the ith neuron located

1The entire neuron is represented by a unique compartment, there are no dendrites nor axons, only the soma.
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Figure 18 – Representation of the Bezaire’s network (39).
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at (xi, yi) and a jth neuron located at (x j, y j). The Euclidean distance D between them is given
by

D =

√
(x j − xi)

2 +(y j − yi)
2. (3.4)

For i to connect with j, we define an arbitrary radius of connection R such that D ≤ R both
neurons are connected and Mi j = 1, otherwise Mi j = 0. The Figure 19 displays an illustration
of the connection of a neuron given a radius R.

Figure 19 – Connection representation between neurons within an arbitrary radius R. The xy distance
between each neuron is represented in the bottom right.

Source: the author.
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3.2 ANALYSIS TOOLS

In this section, the firing pattern and synchronization analysis tools are introduced. The
coefficient of variation (CV) for a single neuron was briefly discussed in the previous chapter,
now the CV is extended to evaluate the firing pattern of a network composed of N neurons. The
interaction among multiple elements in a network gives rise to many interesting phenomena
such as resonance, phase locking, synchronization, and others (15, 80). We focus our study
on the local and global synchronization of the neurons. To quantitatively measure the synchro-
nization of the network, we employ the local and global Kuramoto order parameter (40, 41).
Firstly, we describe the CV for a network and then, we present and discuss both glocal and local
Kuramoto order parameters.

3.2.1 Coefficient of variation

The coefficient of variation is a statistical tool that measures the dispersion of the interspike
interval (ISI) distribution. In order to calculate the CV, first is necessary to determine the mean
interspike interval of each neuron (ISIi), defined as

ISIi =
1

nfinal
i −ninitial

i −1

nfinal
i

∑
n=ninitial

i

ISIi,n, (3.5)

where nfinal
i is the last firing of the ith neuron, ninitial

i is the first firing of ith neuron after a
transient time, and ISIi,n is the interspike interval of the nth firing (ISIi,n = ti,n − ti,n−1). Note
that Figure 14 displays the ISI of a single neuron. Given the mean interspike interval of each
neuron, it is possible to calculate the standard deviation σISIi (34)

σISIi =

√√√√√ 1
nfinal

i −ninitial
i −1

nfinal
i

∑
n=ninitial

i

(ISIi,n − ISIi)
2
. (3.6)

Thus, it is possible to determine the coefficient of variation of the ith neuron

CVi =
σISIi

ISIi
, (3.7)

with the mean coefficient of variation CV given by

CV =
1
N

N

∑
i=1

CVi. (3.8)

In this work, we employ the mean coefficient of variation to analyze whether the network is
in a spike or burst firing pattern since noth firing patterns produce characteristic values for
CV. If CV < 0.5, the network is presenting a spike pattern, and for CV ≥ 0.5, burst activity
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is displayed by the network (13, 34). Figure 20 displays the membrane potential and the ISI
distribution for an arbitrary neuron considering two values of gsyn, namely, (a) gsyn = 0.05 nS
and (b) gsyn = 0.15 nS. With coupling gsyn = 0.05 nS, the neuron exhibits spike activity and we
obtain a single value for its ISI. for a more intense coupling the neuron presents burst activity
and more possibilities of ISIi values.

Figure 20 – Example of the membrane potential and the ISI distribution for (a) spike (gsyn = 0.05 nS)
and (b) burst (gsyn = 0.15 nS) activities. We consider the parameters presented in table 2.4 and R = 70
µm. Simulation time = 2 minutes 37 seconds, cores = 2.
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3.2.2 Global Kuramoto order parameter

The global Kuramoto order parameter is a mathematical tool that estimates the synchroniza-
tion degree of all elements in a network (41). Before calculating the Kuramoto order parameter,
we must transform the elements of the network into a phase oscillator (41) with phase ϕi(t).
The phase of a neuron i is defined as

ϕi(t) = 2πm+2π
t − ti,m

ti,m+1 − ti,m
, (3.9)

where m is the m-th firing of the neuron i and ti,m is the time instant of the m-th firing of the
neuron i with t restricted to the interval ti,m ≤ t ≤ ti,m+1. The intervals of t update at each firing
of the neuron i. Figure 21 displays the representation of the phase of a neuron i. When the
neuron produces an action potential, the phase assumes the values 0 or 2π and while the neuron
is in silence (not firing) the phase assumes values between 0 and 2π .

After describing the phase ϕi(t) of each neuron it is possible to define the global Kuramoto
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Figure 21 – Representaion of the phase ϕi(t) between spikes of a neuron i throughout the time.
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order parameter Z(t) as

Z(t) =
1
N

∣∣∣∣∣ N

∑
j=1

exp(iϕ j(t))

∣∣∣∣∣ . (3.10)

The maximum value that Z(t) can assume is 1, meaning that the network is totally synchronized,
and all neurons are firing simultaneously. Meanwhile, the lowest value that Z (t) can reach is 0
which points to total desynchronization. For 0 < Z(t) < 1 partial synchronization is observed.
The mean value Z yields the information of the synchronization during the time evolution,
differently from Z (t) which only points to synchronization and desynchronization in a specific
instant of time. The mean global Kuramoto order parameter Zg is

Zg =
1

tfinal − tinitial

∫ tfinal

tinitial

Z(t)dt, (3.11)

where tinitial and tfinal mark the beginning and ending, respectively, of the time window under
analysis. If the network displays synchronous activity, Zg is approximately 1. Otherwise, it
approaches 0. Figure 22 display Z(t) and the raster plot for two combinations of gsyn and R.
In panels (a) and (c) (gsyn = 0.01nS and R = 20 µm), the global Kuramoto order parameter is
around 0.194 and Zg = 0.202 which is characterized as asynchronous activity. The raster plot
for this case is displayed in panel (c), where the y-axis is the neuron index i, the x-axis is the
time, and each point on it represents that the neuron i has fired an action potential. This graphic
is an interesting visual tool for observing desynchronization and synchronization activity. When
the network is desynchronized, the points in the raster plot are very scattered meanwhile during
synchronous activity they form vertical lines. In panels (b) and (d) (gsyn = 0.05 nS, R = 70), we
observe synchronous activity. The Z (t) is close to 1 (Zg = 0.964) and the raster plot (panel (d))
displays a vertical pattern, which means that each neuron is firing approximately at the same
time.
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Figure 22 – Global Kuramoto order parameter (Z (t)) (a-b) and the raster plot (c-d) for two combinations
of gsyn and R. In panels (a) and (c) we consider (gsyn = 0.01 nS, R = 20 µm) and (gsyn = 0.05 nS, R = 70)
in panels (b) and (d). Simulation time = 2 minutes 43 seconds, cores = 2.

Font: the author.

3.2.3 Local Kuramoto order parameter

Differently from the global order parameter, the local order parameter depends on the spatial
distribution of the neurons. It measures how locally synchronized are the neurons, identifying
if neurons close to each other are firing simultaneously. To calculate the local Kuramoto order
parameter, we divide our 1000×1000 µm network into smaller boxes of 40×40 µm. Where
Figure 23 displays an illustration of the boxes. Each box is labeled by the index (l, m), similarly
to matrix notation, where l means the “row” and m the “column”. The maximum number of
boxes in either direction is 25 and in total, we divide our network into 625 40×40 boxes to
analyze the local synchronization. synchronization.

After separating the neurons into their respective boxes, the local Kuramoto order parameter
of (l, m)-box is given by the sum of Euler’s exponential of the phase of the j-neurons inside the
(l, m)-box

Zl,m(t) =

∣∣∣∣∣∣∣∣
A2

N2 ∑
n= j

∈(l,m)

exp(iϕ j(t))

∣∣∣∣∣∣∣∣ , (3.12)

where A is the total number of boxes (A = 625), N is the total number of neurons and j is
the index of a neuron. To verify the local synchronization throughout the total simulation, we
calculate the temporal mean of each (l, m)-box

Zl,m =
1

tfinal − tinitial

∫ tfinal

tinitial

Zl,m(t)dt, (3.13)

where tinitial is the time instant of the start (tinitial = 25 s) of the analysis and tfinal is the final
time of the analysis (tfinal = 30 s). Figure 24 displays the local Kuramoto order parameter of



43

Figure 23 – Representation of the (l,m)-boxes with some neurons within.

Source: the author.

each neuron for (a) (R = 20 µm, gsyn = 0.01 nS) and (b) (R = 70 µm, gsyn = 0.05 nS). The
neurons are locally desynchronized in panel (a). Some neurons are more locally synchronized
(blueish squares), however Zl,m is not approximately 1, which cannot be characterized as local
synchronization. In panel (b), on the other hand, we observe local synchronization of the
neurons. To evaluate how locally synchronized is the entire network, we calculate the mean

Figure 24 – Mean local Kuramoto order parameter
(
Zl,m

)
for (a) (R = 20 µm, gsyn = 0.01 nS) and (b)

(R = 70 µm, gsyn = 0.05 nS). In the panel (a), we calculate ZL = 0.03 which points that most neurons are
locally desynchronized, and the panel (b) produces ZL = 0.98. Simulation time = 2 minutes 53 seconds
, core = 2.
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local Kuramoto order parameter of all boxes

ZL =
1
A

25

∑
l,m

Zl,m. (3.14)

This measurement indicates if the network is locally synchronized (ZL ≥ 0.7) or locally desyn-
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chronized (ZL ≤ 0.7).

3.3 SIMULATION METHODOLOGY

To numerically integrate all equations, we employ the 4th order Runge-Kutta with step
h = 0.05 ms. All codes employed to solve and analyze the results are written in C-language
and are available in a GitHub repository (81). The compiler used in this work is the Intel®
one API DPC++/C++ Compiler (command icx). The simulations were run in the 105 science
group’s laboratory computer or the server of the Oscillations Control Group (INSTITUTE OF
PHYSICS — UNIVERSITY OF SÃO PAULO). The computer setup is displayed in table 3.2.
The details about simulation time and amount of cores used are displayed in the caption of
each simulation. The initial conditions of Vi and wi for each neuron are randomly chosen from
predetermined ranges Vi(0) ∈ [−70,−45] mV and wi(0) ∈ [0,70] pA. We consider a random
uniform generator. These initial conditions are kept the same for all simulations.

Table 3.2 – 105 science group’s laboratory computer setup.

Processor Intel® Core™ i9–9900K CPU @ 3.60GHzx16
Motherboard MPG Z390 GAMING PLUS DDR4

RAM memory 2×8gb DDR4–3200Hz Kingston
SSD 480GB Kingston

Graphic card Intel Corporation CoffeeLake-S GT2
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4 ONE EXCITATORY HIPPOCAMPAL LAYER

In this chapter, we investigate the oscillations and synchronous dynamics that emerge in
an excitatory hippocampal network of the CA1 region. In the first part, we evaluate the
influence of the network parameters radius of connection (R) and coupling strength (gsyn)
on the synchronization and firing pattern transition on a single excitatory layer composed of
N = 17,324 neurons. The waves and the detection methodology of wave patterns are presented
in the second section. In the last section of this chapter, we investigate the influence of the initial
conditions on the wave patterns and the emergence of bistable regimes. The parameters of each
neuron are displayed in Table 2.4, and the reset parameters considered are Vreset =−58 mV and
b = 70 pA (spike region of Figure 17). We fix all the parameters of each neuron and focus our
study on the detection of waves and synchronization due to the variation of the parameter’s R

and gsyn.

4.1 SYNCHRONIZATION AND FIRING PATTERN TRANSITION

In this section, we study the response of the neurons given different combinations of gsyn

and R. Figure 25 (a-c) displays the membrane potential of (a) spike desynchronization gsyn =

0.001 nS (blue circles), (b) spike synchronization gsyn = 0.1 nS (blue squares) and (c) bursting
synchronization gsyn = 0.2 nS (blue triangles). Panel (d) shows Zg (brown line) and ZL (beige
line) and (e) shows the coefficient of variation as a function of gsyn, with R = 60 µm.

The panels (a), (b) and (c) display the membrane potential for three values of coupling
strength. Panel (a) shows spike desynchronization (gsyn = 0.001 nS) for three random neurons
of the network and in this situation the neurons fire at distinct time instants. Panel (b) displays
spike synchronization (gsyn = 0.1 nS) and panel (c) depicts burst synchronization (gsyn = 0.2
nS), in the burst activity CV≥ 0.5. In panel (d), we observe that the network is locally
synchronized for most values of coupling strength, except for the case in which gsyn < 0.007 nS,
a region where the neurons are locally and globally desynchronized (Zg < 0.5 and ZL < 0.5).
This is related to the low interaction that each neuron has with its neighbors since the coupling
in this case is low. For gsyn > 0.2 nS, the local synchronization presents values inferior to
1, although, this reduction yet yields local synchronization since ZL > 0.7. This reduction is
due to the transition from spike-to-burst that occurs at gsyn > 0.2 nS. There are ranges of gsyn

in which the network is globally synchronized and others in which it is desynchronized. For
0.007 < gsyn < 0.12 nS, the neurons are globally synchronized (Zg > 0.7), while for greater
values of coupling the neurons desynchronize. For gsyn ≥ 0.2 nS the network synchronizes
once more. These results show that global and local synchronization of the network depends on
the couplings and that local synchronization does not depend on global synchronous activity,
and vice versa. Panel (e) shows that as gsyn intensifies the network transition from spike to burst
for gsyn > 0.2 nS. For gsyn = 0.2 nS the network displays synchronization of bursting, a pattern
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which is associated with epileptic seizures (13, 14).

Figure 25 – The panels (a-c) exhibit the time evolution of the membrane potential V for three different
values of gsyn. We observe (b) desynchronized spikes for gsyn = 0.001 nS (blue circle), (c) synchronized
spike for gsyn = 0.1 nS (blue square), and (d) synchronized burst for gsyn = 0.2 nS (blue triangle). Panel
(d) shows the global and local Kuramoto order parameter as a function of gsyn and panel (e) exhibits CV
as a function of gsyn. We consider R = 60 µm. Simulation time = 37 minutes, cores = 10.
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Since the network displays four different firing patterns for different coupling strengths,
now we investigate how R and gsyn affect the spike-to-burst transition and the synchronization.
Figure 26 displays the R × gsyn parameter space of (a) Zg, (b) ZL, (c) CV and (d) F. Zg

parameter space is displayed in Figure 26 (a), which shows synchronous regions (bright color
regions) and asynchronous areas (dark color regions). For R < 20, µm the network is globally
desynchronized independently of gsyn due to the low mean degree connection of each neuron.
For R> 20 µm, synchronous and asynchronous activity are observed for different combinations
of R and gsyn. In the region R > 50 µm, the global synchronization depends on the coupling
strength. Panel (b) displays the space parameter of ZL, similarly with Zg, the network does not
locally synchronize for R < 20 µm. However, ZL parameter space displays more synchronous
regions compared with panel (a), this shows that achieving local synchronization is “easier” than
global synchronization. The ranges for the coupling strength to reach local synchronization are
vast. The CV is shown in panel (c), transitions from spike to burst are observable for R > 50
µm. For R < 50 µm, the network does not produce a burst firing pattern even for high values of
coupling strength. This occurs since for low values of R, the neurons do not receive many inputs,
meaning that the burst is not facilitated by the input of other neurons. However, as R increases,
each neuron receives more synaptic signals influencing the generation of more action potentials.
Panel (d) displays the frequency (F) parameter space. Similarly to CV parameter space (panel
(c)), the frequency greatly increases for a high value of R. Panels (a) and (c) show that for
some specific values of R and gsyn, the network presents bursting synchronization for R > 50
µm and gsyn > 0.15 nS. These results show that when the network is locally synchronized, it
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does not imply that it is globally synchronized. In the next section, we investigate these regions
to understand how all neurons are mostly locally synchronized even if they are not on a global
scale.

Figure 26 – R × gsyn parameter space. The color code represents the values of (a) the global order
parameter (Zg), (b) the local order parameter (ZL), (c) the mean coefficient of variation (CV) of the
neuronal inter-spike interval and (d) the mean firing rate (F). Simulation run on the Oscillations Control
Group server, Simulation time = 52 hours 17 minutes, cores = 16.
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4.2 WAVES AND SPIRAL DETECTIONS

Traveling waves are spatial-temporal patterns that propagate in 2D or 3D medium (82), and
they have been observed in many scientific fields for instance neuroscience (8–10). In the brain,
these waves are found in different brain regions such as the cortex and hippocampus (8). Their
general function in the brain is not well understood until the moment. However, theta waves
(6–12 Hz) detected in the CA1 hippocampus are related to the excitatory communication from
small to large place cells1 (8, 10) and some theta waves are also involved in the memory process
(9).

Neuronal networks are able to reproduce such spatial-temporal patterns (8, 11). The
visualization of the waves in a network can be done in two similar forms. One by plotting the
membrane potential of each neuron and another by considering the neurons as phase oscillators
and plotting the phase (ϕi(t)). In this work, we visualize the waves by plotting the phase of
each neuron, where 0 < ϕi(t) < 2π represent that the neuron is silent2 and ϕi = [0;2π] the

1Neurons that are specialized in processing spatial navigation information.
2The neuron is not spiking at this instant of time.
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neuron is spiking. Figure 27 displays the phase of each neuron (panels (a), (c) and (e)) and
the respective local order parameter (Zl,m) (panels (b), (d) and (f)) of each neuron for three
different combinations of gsyn and R. Panel (a) displays the wave pattern for gsyn = 0.15 nS
and R = 32 µm, which we denominate as multi-rings due to its shape. This pattern is related
to asynchronous activity since each ring appears at a different time instant and propagates with
similar velocity. The local Kuramoto order parameter of each neuron for the multi-ring pattern
is displayed in panel (b). All neurons present high local synchronization since Zl,m ≈ 1, except
for some darker spots (0.95 < Zl,m < 1), these are the regions where each ring emerge. We
measure Zg = 0.23 and ZL = 0.99. The synchronized rings phase is displayed in panel (c),
R = 55 µm and gsyn = 0.16 nS. In this case, the rings emerge at the same time and propagate
all together at the same speed. In this wave pattern, the local order parameter of each neuron is
close to 1, however, there are some areas where Zl,m < 0.95 (reddish areas). Such regions are
the core where each ring originates. The core of each ring in this case is in the reddish spots.
The panels (e) and (f) are referent to the parameters R = 75 and µm gsyn = 0.128 nS, where
burst synchronization is observed, with the phase displayed in (e) and Zl,m in (f). The wave
starts at one corner and propagates until the opposite side. This wave seems very long due to
the high amount of action potentials that each neuron produces in a very short time during burst
activity. Differently from other cases, when bursts appear in the network, border effects are
seen in the Zl,m plot.

Figure 27 – The upper panels (a), (c) and (e) display the phase (ϕi(t)) of each neuron, where the yellow
color represents the fire of a neuron. Bottom panels (b), (d) and (f) exhibit the mean local Kuramoto order
parameter (Zl,m) of each neuron for the multiring wave (gsyn = 0.15 nS and R = 32) (a), synchronized
ring wave (R = 55 µm and gsyn = 0.16 nS) (c) and burst synchronization (R = 75 µm gsyn = 0.128) (e),
respectively. Simulation time = 3 minutes 2 seconds, cores = 3.
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Now we investigate different wave patterns that emerge. The network also displays chimera
waves, where some neurons are synchronized and others are desynchronized simultaneously
(83–87). Chimera states are defined as the coexistence of coherent and incoherent states at the
same time (85), one type of chimera wave is the spiral wave. Spiral waves are astonishing
chimera waves, where their core is composed of asynchronous elements (88) and they are
denominated phase singularities (PS). This type of wave has been observed in different systems
such as cardiac tissues (89) and neurons (12). Figure 28 displays three different chimera spiral
waves, where panels (a), (c) and (e) show the phase and panels (b), (d) and (f) exhibit the
respective Zl,m. Panel (a) displays a single spiral wave rotating around the phase singularity, we
consider R = 70 µm and gsyn = 0.12 nS. Zl,m of each neuron for the spiral wave is displayed in
panel (b). Most of the neurons are synchronized, although, there is a darker region (Zl,m ≤ 0.7)
at 250 < x < 500 and 500 < y < 750 µm, where the center of the spiral is located. For R = 75
µm and gsyn = 0.14 nS, a spiral burst is obtained, and panel (c) displays the shape of this wave.
Similarly, with the spike spiral wave, the helix of the spiral rotates around the phase singularity.
This pattern produces CV= 0.81 which characterizes a burst, and another way of characterizing
a burst spiral wave is by detecting silenced neurons (blue color) between two activated spirals
(yellow color). The panel (d) displays Zl,m of each neuron in the bursting spiral wave. A phase
singularity is observed at the center of the spiral possessing Zl,m < 0.7, however, when burst
activity is observed the borders of the network are not locally synchronized. We observe that any
type of burst wave generates such patterns due to the high activity of the neurons. Therefore, we
do not consider borders when analyzing the phase singularities. Panel (e) displays the phase of
the coexistence of two different types of waves, multi-spirals and multi-rings. We denominate
this type of wave as multi-spiral-ring, arising when R = 30 µm and gsyn = 0.15 nS. The Zl,m

is displayed in panel (f), and four black regions are observed. Each region represents a phase
singularity (PS), and the pattern generated in panel (f) seems a combination of Figure 27 (b)
and Figure 28 (a). The reddish regions around the PSs are due to the interaction of the spiral
wave

The value of the mean global and local order parameter as well as the frequency of each wave
pattern previously present in Figures 27 and 28 are exhibit in Figure 29, (a) Zg in red and ZL in
blue and (b) frequency. The mean local order parameter of the different wave patterns displays
a high local synchronization ZL ≈ 1, panel (a). This occurs for all types of waves due to the
local dynamics that neuronal waves possess that close neurons fire together to create the spatial-
temporal pattern. Meanwhile, the mean global order parameter Zg of the waves is close to 0,
which characterizes a global desynchronization, except for synchronous rings and synchronous
bursts. These two wave patterns display waves even though their global synchronization is
high. The frequency of each pattern is displayed in panel (b), most of the patterns possess
very similar firing frequency F≈ 12 Hz, excluding the synchronous burst and spiral burst which
display F≈ 14 Hz.

We observe that the traveling waves in our network present two main characteristics re-
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Figure 28 – The upper panels (a), (c) and (e) display the phase (ϕi(t)) of each neuron, where the yellow
color represents the fire of a neuron. Bottom panels (b), (d) and (f) exhibit the mean local Kuramoto
order parameter (Zl,m) of each neuron for the spiral wave (a), burst spiral wave (c) and multi-spiral-rings
(e), respectively. Simulation time = 2 minutes 57 seconds, cores = 3.
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Figure 29 – Diagnostic tools for the wave patterns presented in Figures 27 and 28. (a) displays the mean
global order parameter Zg in blue and the local order parameter ZL in red, (b) shows the frequency rate
F for each wave pattern.

Source: the author.

garding the synchronization tools. All waves possess a very high mean local synchronization
and a low global synchronization (except synchronization wave patterns). The global synchro-
nization, excluding the synchronization wave patterns, is low which relates to the intense local
activity of the neurons during a wave. Therefore, we propose a simple recipe for detecting the
presence of a wave in the neuronal network

1. The mean local order Kuramoto ZL of the time window analyzed must be close to 1,
otherwise, the neurons are desynchronized and do not display a wave spatial pattern.
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2. The mean global order Kuramoto parameter only holds the information regarding the
global synchronization of the network. Zg ≈ 1 or Zg ≈ 0 does not yield any information
regarding the presence of a wave in the network.

These conditions are enough for detecting a wave, however for characterizing them more
information about the network is necessary. Now, we focus on a method capable of distinct
spiral waves from non-spiral waves (for instance synchronous and multi-rings). The network
displays a vast quantity of wave patterns. However, we focus on the spiral waves due to the lack
of simple and reliable methods capable of detecting spiral waves in neuronal systems and also
due to the fact that the emergence of spiral waves in neuronal networks is not well understood.
Since our model is capable of producing a vast diversity of wave patterns we develop a
method for identifying spiral waves based on the Kuramoto order parameter. Differently from
other wave patterns presented in Figure 27, the spiral waves produce a local desynchronized
characteristic pattern where the spiral is centered. The spiral waves rotate around a phase
singularity that is composed of locally desynchronized neurons. Also, we observe that such
cores must be well desynchronized meaning that the Zl,m of the neurons located in the PS
must be lesser than 0.7. There are combinations of (R, gsyn) where some neurons are locally
desynchronized as displayed in Figure 27 (d). There are some neurons in which the local order
parameter is close to 0.7, however, no spiral wave is observed. Therefore, we propose that for a
spiral wave to appear in our network, some neurons must achieve some sort of “desynchronized
threshold” which we set Zl,m < 0.7. Defining a local desynchronization threshold enables us
to distinguish spiral waves from other wave patterns since no other wave pattern produces a
high local desynchronization. Multi-spiral waves can be observed, however, as the number of
PS increases the network starts to display local and global desynchronization. This behavior
occurs due to the fact that each PS is a type of desynchronized cluster of neurons and as the
number of PS increases more neurons display local desynchronization and ZL << 1. Thus, we
define the maximum number of PS that the network supports without total desynchronization.
We present the following recipe for detecting a spiral wave

1. The emergence of a spiral wave in the network is related to the presence of local
desynchronized neurons denominated as phase singularities PS, which produce Zl,m <

0.7. Otherwise, spiral waves are not observable in the network.

2. There is a maximum number of PSmax which the network can display simultaneously
without displaying a total desynchronized pattern. We set PSmax = 20.

Figure 30 displays (a) the Zg and (b) the number of phase singularities (PS) as a function of
gsyn for R = 75 µm. The color scale displays the type of wave observed blue color represents
desynchronization (Zg ≈ ZL ≈ 0 and PS> 20), red color displays synchronized wave patterns
(Zg > 0.75 and ZL ≈ 1), yellow color exhibits the spiral waves (ZL ≈ 1 and PS> 0) and gray
color show the non-spiral waves (Zg < 0.75, ZL ≈ 1 and PS= 0). Panel (a) shows that Zg and the
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wave pattern depend on the coupling strength, the network is globally synchronized for 0.01 <

gsyn < 0.08 nS. However, as gsyn increases the neurons globally desynchronize exhibiting non-
spiral wave patterns and for further values spiral waves start to emerge. For gsyn ≥ 0.122 nS the
network presents bursting activity (CV > 0.5) and on the range 0.122≤ gsyn ≤ 0.126 nS bursting
synchronization is observed. Most of the non-spiral regions are immersed in the bursting region
(0.122 < gsyn < 0.21 nS). Panel (b) displays the amount of the phase singularities (PS) as a
function of the coupling strength. Multiple spirals appear depending on gsyn, and there is an
increase of PS for values close to the spike-to-burst transition coupling strength gsyn = 0.122
nS.

Figure 30 – Panel (a) displays the mean global Kuramoto order parameter (Zg) and (b) shows the
coefficient of variation (CV) as a function of gsyn for R = 75 µm. The colors represent the wave pattern
that emerges for that value of gsyn synchronization waves (red line), desynchronization (blue line), non-
spiral waves (gray) and spiral waves (yellow). Simulation time = 37 minutes 26 seconds, cores = 10.
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Now, we explore the different wave patterns that are produced by combinations of (R, gsyn).
Figure 31 displays the R × gsyn parameter space where the z-axis displays the global order
parameter Zg and the color scale represents the pattern observed in the network. For low values
of R, the network displays desynchronization (no wave is observed), and a little increase in the
radius of connection produces a yellow region where spiral waves are observable. There is a
vast region of synchronization (red region) for a great amount of (R, gsyn) combinations. In the
transition from spiral to synchronized wave, the network displays different wave patterns which
we denominate as non-spiral waves. Most of the non-spiral waves are observed at 60 < R < 80
µm and 0.18 < gsyn < 0.25 nS, in this range, the network displays bursting CV> 0.5. The
appearance of a burst spiral is intrinsically related to long-range connections (R ≥ 60 µm) and
intense coupling strength (gsyn ≥ 0.12 nS).



53

Figure 31 – Connection radius R and coupling strength gsyn parameter space where the z-axis depicts the
global Kuramoto order parameter and the color scale represents the wave pattern desynchronization (blue
color), synchronization wave (red color), spiral wave (yellow color) and non-spiral wave (gray color).
Simulation run on Oscillations Control Group’s server, simulation time = 52 hours 17 minutes, cores =
16.
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4.3 INITIAL CONDITION AND BISTABILITY

Whether a chimera-like state appears spontaneously or not in the network depends on
the initial condition considered (12, 90). In the previous sections, we consider fixed initial
conditions for all our simulations therefore we avoid such dependence. In this section, we
investigate the robustness of the wave patterns when considering different initial conditions.
Now, the initial conditions Vi(0) and wi(0) are randomly chosen at each simulation from the
ranges Vi(0) ∈ [−70,−45] mV and wi(0) ∈ [0,70] pA, the values are determined by a random
uniform generator. Firstly, we study the initial conditions’ influence over the network for
different coupling strength gsyn. In the last part of this section, we show the bistability regimes
that appear in the network for specific gsyn ranges.

To investigate the initial condition impact in the network we consider ten independent
simulations and calculate the arithmetic mean of the global order parameter Zg, CV and PS.
Figure 32 displays the mean values of Zg (a), CV (b) and PS (c) as a function of gsyn with their
respective error bars. The green dashed line separates the spike (CV< 0.5) and burst (CV≥ 0.5)
region, to determine the position of the transition spike-to-burst, we analyze the coefficient of
variation CV, we consider R = 75 µm. The shape of Zg in panel (a) is quite different from
Figure 30 (a), mostly in the regions where the error bar is large. This occurs because Figure
30 (a) is considered one set of initial conditions. The synchronization pattern is shown to be
robust to different initial conditions, and the error bar in this wave pattern does not vary much
from the mean. The same cannot be stated for non-spiral waves, in this pattern, the global
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synchronization strongly depends on the initial conditions. In the bursting region (gsyn > 0.122
nS), the non-spiral waves present great variation depending on the initial condition, and for some
values of gsyn the pattern observed could be the synchronization instead of the non-spiral wave.
The spike or burst firing pattern does not vary significantly for different sets of initial conditions,
there is a greater variation in the spike-to-burst transition for gsyn = 0.122 nS. The mean amount
of PS is displayed in panel (c). For the synchronization pattern 0.054 ≤ gsyn ≤ 0.086 nS the
number of PS measured does not vary for different initial conditions. The mean PS in the spiral
waves region (yellow color) in the simulations is 1, however, this value greatly varies around
the mean, for gsyn = 0.118 nS the amount of PS does not alter much. There is a great dispersion
of the amount of PS during the non-spiral waves in the burst region. For 0.126 ≤ gsyn ≤ 0.150
nS, the measurements of PS greatly vary around the mean, and there are simulations in which
no burst spiral waves are observed although depending on the initial conditions, multiple burst
spiral waves emerge in the network. The measurement of PS presents a small dispersion around
the mean for gsyn > 0.15 nS. Panels (a) and (c) show that Zg and PS, respectively, possess a
great dispersion around their respective mean after the spike-to-burst transition. Most of the
high dispersion points are concentrated for gsyn values near the burst synchronization (red line
in the burst region).

Figure 32 – Mean value of Zg (a), CV (b) and PS (c) of ten simulations with random initial conditions
generated by a random uniform generator, the dispersion around the mean is represented by the error
bars. We consider R = 75 µm. Simulation run on the Oscillations Control Group server, simulation time
= 168 minutes 10 seconds, cores = 10.
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Figure 33 displays the mean global Kuramoto order parameter Zg (a) and the amount of PS
in (b). The red dotted line displays the case in which the gsyn starts at 0.06 nS and its values
increase. Meanwhile, the blue dotted line starts at gsyn = 0.1 nS and the coupling strength
decreases. This type of plot is denominated as a hysteresis diagram (12, 16). In panels (a) and
(b) a bistable regime is observable, in which two possible states are possible to be achieved
depending on the first initial condition considered. Panel (a) shows that for a range of gsyn the
network can be synchronized (Zg ≈ 1) or desynchronized (Zg ≈ 0). Parting from a synchronized
initial condition, the synchronization is maintained for more values of gsyn, differently from the
situation in which the initial conditions are asynchronous. Panel (b) displays that different wave
patterns can be reached, spiral wave or synchronous wave, depending on the first set of initial
conditions.

Figure 33 – Hysteresis diagram of (a) Zg and (b) PS. Increasing values of gsyn are displayed in a red
dotted line and the decreasing values of gsyn are depicted in a blue dotted line
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5 CONCLUSIONS

In this dissertation, the excessive synchronization and the emergence of traveling chimera
waves in a CA1 hippocampal excitatory layer were studied by the variation of the network
parameters the radius of connection and the coupling strength. The individual dynamics of each
neuron of our network were described by the adaptive exponential integrate-and-fire model
(AEIF), which combines the biophysical accuracy of the mechanisms underlying the electrical
activity of neurons and the simplicity of computational implementation in complex networks.
The neurons were spatially distributed as one layer of excitatory neurons in the hippocampus
CA1 region, we consider a 1000×1000 µm layer. Each neuron connects with a neighbor
with a certain coupling strength if its distance is within a given radius of connection. By
considering different values of the radius of connection and coupling strength, different firing
patterns can emerge in the network, for instance, excessive synchronization and spiral waves.
Since excessive synchronization is related to multiple brain disorders, understanding how the
network parameters influence synchronization is essential to developing new approaches for
such diseases. The spiral waves that appear in the brain are not yet fully understood, however,
studies show the properties of such patterns are related to specific cognitive tasks. Therefore,
comprehending this wave pattern dependence of the network and being able to detect such a
pattern is crucial for further studies and insights into the roles of spiral waves in the brain.
Additionally, we introduce a novel method capable of identifying chimera spiral waves.

We have shown that our network displays distinct firing patterns for different coupling
strengths and radius of connection. We have shown that the synchronization of the spike
firing pattern is easily achieved within our network. However, for some values of the radius
of connection, a transition of spike-to-burst is observed when the coupling strength passes
a specific value. Despite spike synchronization being easily achieved, the neurons globally
desynchronize for values of coupling strength close to the transition spike-to-burst. We have
associated the synchronization-to-desynchronization transition for some values of coupling
strength with the high amount of synapses and the increased coupling strength between each
neuron. For higher values of coupling strength, the network starts displaying a burst firing
pattern with a higher frequency rate than the spike case. For specific values of coupling
strength, the network burst synchronizes, state-related with epileptic seizures. For the radius
of connection lower than 50 µm, the network does not exhibit bursting activity. The network
presents local synchronization for most of the combination of the network parameters.

The synchronization tools, global and local Kuramoto order parameters, have shown to be
great tools for wave detection. The shape, speed and other properties of each traveling wave
vary, however, all of them leave a specific trace in the local order parameter. For all cases in
which a traveling wave propagates in the network the mean local synchronization is almost 1
due to the fact that traveling waves appear when close neurons fire together, indicating that
traveling waves facilitate the local dynamics. The mean global order parameter does not yield
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much information regarding the presence of a traveling wave in the network, since there are
global synchronous waves and globally asynchronous waves (for instance multi-rings and spiral
waves). In the whole network, the passage of a wave facilitates local neurons to produce an
action potential while neurons that are not in the wave trajectory do not receive firing support.
These local characteristics of the waves can be used for detecting the presence of a wave in
the network. Therefore, we proposed a diagnostic method for detecting traveling waves in the
network. The waves (except synchronous rings) produce a low mean global order parameter
and a high mean local order parameter. Applying these criteria, it is possible to detect the
presence of a wave, however, this diagnostic does not provide information regarding the type of
wave, except for the synchronous ring that is characterized by high mean global and local order
parameters (close to 1).

In this work, we have focused our attention on the detection of spiral waves. We have
proposed a novel methodology for the detection of spiral waves in the network. The spiral waves
produce a specific phase abnormality in the core of the spiral, denominated as phase singularity
(PS). The PS are composed of desynchronized neurons and they are the core of the spiral. The
core of the spiral produces a local order parameter inferior to 0.7 where it is located. By plotting
the local order parameter of each neuron the core is easily observed as an asynchronous spot
amidst a local synchronized region. Thus, we have proposed that PS are characterized by a
low local order parameter, inferior to 0.7, we theorize that for the generation of a spiral wave,
its core must reach a “level of desynchronization”. Multiple PS can coexist at the same time
in the network, and the spirals can interact with each other, however, a great number of PSs
promote global and local desynchronized activity. Therefore, we have defined a maximum
number of PSs in the network equal to 20. We have proposed three conditions that must be
met to observe spiral waves in the network, these conditions regard the range of both local and
global order parameters and the amount of PSs. The mean global order parameter must point to
desynchronized activity, the local order parameter must have at least one region inferior to 0.7
that is not in the border and the amount of PS cannot be superior to a certain maximum value.
The spiral waves can appear as spike or burst firing patterns, spike spiral waves were obtained
for a diverse range of radius of connection and coupling strength, although, burst spiral waves
are restricted for very specific values of the network parameters.

We have also investigated how the wave patterns behave when considering different initial
conditions since chimera states are intrinsically dependent on how the systems begin. We have
observed that the firing pattern of the network is very robust for different initial conditions,
and the coefficient of variation does not vary independently of the wave pattern. However,
the mean global order parameter and the amount of PS have some dependences on the initial
conditions. The network can present synchronized or asynchronous activity depending on the
initial condition when the neurons present bursting activity. The amount of PS varies in the
spiral wave pattern and also in the non-spiral wave pattern depending on the initial conditions
considered. However, such variation in the amount of PS in the non-spiral wave only occurs for
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values of coupling strength close to the burst synchronization point. By analysing the hysteresis
diagram, we have observed that depending on the first set of initial conditions there are bistable
regions for the global synchronization and the amount of PSs.
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6 FUTURE WORKS

In future works, we intend to explore the effects of inhibitory neurons over the generation of
traveling waves and the impact of inhibition on the emergence of spiral waves in the complete
network of the CA1 hippocampus column (39). We also intend to investigate the influence
of ionic channels on the emergence of traveling waves when considering a conductance-
based model of Hodgkin-Huxley (16). Another future work is to understand the mechanisms
underlying the generation of spiral waves in a biophysical reconstruction of a hemisphere of the
hippocampus.

A possible future work is to investigate the response of the traveling waves to lesions and
deformities in the network for instance a mechanical lesion or Alzheimer’s.
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