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RESUMO

Este trabalho tem como principal topico o estudo de espalhamento em
grafos quanticos. Ao longo dele, o método da fungao de Green para grafos
quanticos é aplicado, a qual é obtida pela matriz adjacéncia do grafo e
fornece as amplitudes de espalhamento nessas estruturas. Uma entropia
informacional de espalhamento é proposta, relacionando a probabilidade
de reflexao ou transmissao para cada um dos canais de espalhamento com
um conteido informacional sobre a distribuicao desse espalhamento por
meio desses canais. Propomos a aplicacao de grafos quanticos para mode-
lar a formacao de filamento entre eletrodos e estudar memristores. Também
estudamos o transporte em estruturas de grafos randomizados, onde, devi-
do ao grande nimero de subgrafos, propomos uma aproximacao tomando
amostragens de seus subgrafos para o caso de grafos com um niimero grande
de vértices. Finalmente, um modelo de estado quantico de espalhamento,
onde o espalhamento em um grafo pode agir como controle da estrutura de
um segundo grafo quantico, também é proposto; nele verificamos os casos

em que esse sistema pode resultar em emaranhamento desses estados.

Keywords: Grafos quanticos. Entropia. Randomizacao. Espalhamento.



ABSTRACT

This work has as its main topic the study of scattering in quantum graphs.
Throughout it, the Green’s function method for quantum graphs is ap-
plied, which is obtained by the adjacency matrix of the graph and provides
the scattering amplitudes in these structures. An informational entropy of
scattering is proposed, relating the probability of reflection or transmission
for each of the scattering channels with an informational content about the
distribution of the scattering along these channels. Next, applications of
quantum graphs to model the formation of a filament between electrodes
and to study memristors are proposed. The transport in randomised graph
structures and the approximation by taking samples of their subgraphs are
also studied. Finally, a quantum state model of scattering is also proposed,
where the scattering in a graph can act as a control of the structure of a
second quantum graph, and the cases in which this system can result in

entanglement of the states are studied.

Keywords: Quantum graph. Entropy. Randomisation. Scattering.
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1 INTRODUCTION

Until the end of the XIX century, the understanding of physics was
showing that everything seemed to be governed by predictable and orderly
laws, in which the motion of particles was defined in a deterministic man-
ner. This led some scientists to believe that almost everything related to
physics had already been discovered. As an example, Philipp von Jolly
once advised one of his students not to go into the theoretical physics area,
assuming that, because physics being in a high stage of development, it
soon would become in its final form, and the remaining works consisted
only of filling a few holes.!

However, some evidence of unexplained phenomena by physics at
that time was being revealed. For instance, Boltzmann had suggested
that energy levels in some systems might be discrete?, other discoveries
include the discrete spectral lines of emissions in atoms, the radioactivity,
anomalies in the black body radiation, and so on. When encountering
some of these problems, William Thomson, also known as Lord Kelvin,
presented a lecture about two clouds that were obscuring the beauty and
clearness of the theories at that moment.? One of these clouds was the
photoelectric effect, solved by Einstein by utilising the concept of packets of
energy, obtained from studies on the black body radiation problem made by
Max Planck*, that same student early advertised not to go into theoretical
studies.

These studies involving discrete values of energy, named quanta,
marked the start of a whole new field of study, named Quantum Mechan-
ics. In the following years, a great number of publications appeared in
this area suggesting the atomic model, the properties of molecules, and
some new quantised values such as the electron charge. Louis de Broglie
did an interesting suggestion on his thesis, applying to particles the wave-
particle duality, early described for photons. This new approach led to the
development of wave mechanics with Schrodinger presenting his equation

describing the particles and making predictions of quantum systems, whose
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generalisation was also provided by Paul Dirac, including special relativ-
ity. Alternatively, another way to predict those quantum systems was also
provided by the matrix mechanics, and from the path integral formalism,
this last was defined by Feynman from the quantum action proposed by
Dirac.

Among the branches of studies of quantum physics, the scattering of
particles is an interesting one. It provided in the comprehension of micro-
scopic structures and the properties of atoms or even subatomic particles.
In this context, Clifford Glenwood Shull said during his speech at the Nobel
ceremony in 1994:

If one looks back through the history of advances in physics, you find many examples
of notable findings from scattering experiments. In this, you introduce some entity
to a target assembly and upon studying its interaction with the target you learn
much about the latter. Over the last century, physicists have used light quanta
electrons, alpha particles, X-rays, gamma-rays, protons, neutrons and exotic sub-
nuclear particles for this purpose. Much important information about the target
atoms or nuclei or their assemblage has been obtained in this way. In witness of
this importance one can point to the unusual concentration of scattering enthusiasts

among earlier Nobel Laureate physicists. One could say that physicists just love to
perform or interpret scattering experiments.

This highlights the role of scattering in the development of physics, with
the understanding of the microscopic world obtained from this method.
Along with the development of quantum mechanics, a model from dis-
crete mathematics was applied on it, the graphs. These structures, which
consist of elements defined by vertices and the connection between them by
edges, define a mathematical approach for many models. Between them,
we can highlight some studies on the modelling of molecules®®, quantum

9-11 12,13

random walk models” ", spin chain structures or for the construction

14-17

of entangled states , Which led to models on measurement based quan-

tum computation ™19,

In the context of scattering on quantum systems, this thesis focuses
on the scattering phenomena in structures known as quantum graphs, de-
fined as one-dimensional multiconnected networks. The term quantum

graph originates from the studies by Kottos and Smilansky in quantum
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2023 " although several other studies were also fundamental

chaos on graphs
in defining this concept, as will be discussed in later chapters.

The motivation for studying quantum graphs lies in its analytical and
numerical insights into quantum scattering, through mathematical meth-
ods based on graph topology. Traditionally, these models are analysed by
solving the Schrédinger equation along the edges of a graph. However,
a Green’s function approach, initially developed for multiple well poten-

24-26

tials , was later extended to quantum graphs, providing a method to

obtain scattering amplitudes directly from the adjacency matrix?” 2%

In this work, we adopt the Green’s function method for quantum
graphs as the central tool for investigating the scattering processes in quan-
tum graphs. We propose and analyse a new quantity, the scattering entropy
which characterises the distribution of the distribution of scattering prob-
abilities to different channels. Additionally, we apply quantum graphs to
model filament formation in memristive systems, study transport in ran-
domised graphs structures, and propose a quantum graph-based scheme
for generating and controlling quantum states, and identify the conditions
to obtain entangled states on them.

Finally, let us explain the organisation of this thesis in the chapters
that follow.

1.1 THESIS ORGANISATION

The structure of this thesis is divided into chapters. Here we intro-
duce the subjects of each of them.

In Chapter 2 we introduce the graphs. A historical context is shown.
We present matrices related to graphs, graph families, and the concept of
weighted and metric graphs.

Quantum graphs are presented in Chapter 3. There we show how
these models are studied either by the Schrédinger function approach or
by their Green’s function. In the context of scattering on them, we show

the scattering and transfer matrix method. In the following, we propose an
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informational entropy approach to measure the distribution of the scatter-
ing probabilities in the scattering channels. Finally, examples on obtaining
the transmission probability and the scattering entropy will be presented,
utilising the graph families from the previous chapter and obtaining the
scattering amplitudes as a function of the number of vertices, as well as to
some structures in series and random arrangement of the same quantum
graph.

A model for memristive devices is proposed in Chapter 4. Methods
for building filaments between electrodes are shown, and the transformation
of these structures into graphs is elaborated. With the obtained graph, we
apply the quantum graph method and show how to obtain electrical current
through this approach.

From the obtaining of random graphs as described in the previous
chapter, we also elaborate a generalisation for random quantum graphs in
Chapter 5. There, for a given quantum graph, the probabilities will be
associated at its edges. This allows us to define an average probability
transmission of the possible structures. To improve the evaluation of this
method, we also propose an approximated form.

In Chapter 6, we use the quantum graph approach and the scattering
matrix of them to define their scattering states. From this method and
the randomisation proposed in the previous chapter, we also propose a
system in which a quantum graph is controlled by another quantum graph.
From this approach, we will evaluate the implications of doing so and the
correlation between these systems.

Finally, in the last Chapter 7, we show the final remarks of this work.

In addition, we present some future perspectives.
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2 GRAPHS

In the first half of the XVIII century, a region situated on the city of
Konigsberg in the former Prussia, now Kaliningrad in Russia, had seven
bridges on it. These bridges were used to cross four different parts of this
city, as the Pregel River cuts the city into two mainlands and has two
islands on it, as illustrated in Figure 2.1(a). The presence of these bridges
led to a proposed challenge: to find a path where every bridge is crossed,
but without repeating any of them. This became known as the problem of
seven bridges of Kénigsberg3? 33,

Leonhard Euler was aware about the problem in some letters ex-
changed with Carl Leonhard Gottlieb Ehler and Heinrich Kiihn from 1735
to 174233, in which they asked if Euler could provide a solution for it. Even
initially reluctant about the relationship of the problem with mathematics,
he proposed a solution in a study about the geometry of position®. The
proposed approach to solve this problem was initially labelling the regions
with the letters A to D, and bridges with a to g. That helped him to
explain how to analyse the possible paths between regions and the amount
of bridges needed to cross to avoid becoming stuck in some regions.

He proposed a method to verify if it is possible to find a path as the

one proposed in the problem. In order to do that, we should verify how

Figure 2.1 — (a) Konigsberg city representation with its four regions with labels A — D and its
seven bridges with labels a — g; (b) Graph that represents the problem of seven
bridges.

(a) (b)

Cominent: Arad. Jo B FIIL 20 THE » 28,
j

Source: (a) EULER, Leonhard. Solutio problematis in situs permanentis Commentarii
academiae scientiarum Petropolitanae, p.128-140, 1741.%° (b) the author.
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many bridges there are in each region.

Table 2.1 — Region labels and number of bridges in the problem of seven bridges of Konigsberg.

Region label Number of bridges (ny)
5

wR@Nvell-

3
3
3

Source: the author.

For each odd number in that, there must be added one unity, and

then we must divide each of these numbers by two, obtaining

Table 2.2 — Region labels and the value obtained after the procedure described by Euler in the
problem of seven bridges of Konigsberg.

Region label (n, +1)/2
3

gaQwe

2
2
2

Source: the author.

If the sum of these numbers is equal to or less than the number of
bridges between these regions with one unit added, the path proposed in
the problem is possible. As the sum obtained for the problem in Kénigsberg
is greater than eight (seven bridges plus one), Euler concluded that it is
impossible to travel the city in the proposed way and also showed cases
where paths like these are possible®’.

This problem is attributed to being the first one to show graph prop-
erties, and a graph is defined for this problem, as illustrated in Figure
2.1(b). The regions labeled with uppercase letters are defined as vertices
and are represented by dots, whereas the connections between them, which
Euler labeled with lowercase letters, are denominated as edges. This prob-

lem is so recognized in graph theory that there exist properties in them
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named Eulerian paths, a path that crosses every edge of the graph without
repeating them, and Eulerian cycles, similar to the Eulerian path, but the
path starts and ends at the same vertex?!.

From this, applications of graph theory have been proposed in the
most diverse areas, such as mathematics, physics, chemistry, computer
science, information theory, linguistics, among others. An interesting case
of an important application that we can mention here is Kirchhoff’s law34,
in which graphs with directed edges are used to study electrical circuits.
In addition, there is the Hiickel theory®®, where chemical molecules are
described using graphs and molecular orbitals are obtained from graph
properties.

In order to study graphs, it is interesting to define notation to these
models and for its properties, so that we are not dependent only on its
visual illustration, and additionally have a better mathematical definition.
In this way, the graphs are defined by G(E,V), where V = {vy,...,v,}
is a set of n vertices, and E = {ey,...,e,} is a set of m edges that con-
nect these vertices. Edges are defined as connecting a pair of vertices and
receive a notation e; = {v;,v;}. They can be defined as undirected or
directed edges; in the last case, the starting and final vertex of this edge
must be distinguished. Additionally, there are special cases of edges, as
when one connects one vertex with itself, receiving the name of loop, or
for semi-infinite edges which are defined by a half-line with starting point
at some vertex, this case will receive the name of “lead” in the studies
of quantum graphs. Another especial case is when two vertices are con-
nected to multiples edges at the same time, hence its graph will receive the
name of multigraph?®?, and these edges can be called parallel edges. In this
work or main focus is on the so-called simple graphs, which are defined
by graphs with simple connections, in which there are no parallel edges or
loops; furthermore, they must be a connected graph, where every vertex is
connected to the main structure of the graph, but in some special cases we

will recover these other definitions.
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From these definitions, we can obtain mathematical representations
of the graphs. Next, we will explain the process of obtaining the matrices

that represent graphs.

2.1 MATRIX ASSOCIATED TO GRAPHS

Usually graphs are represented by their visual model, but the same
graph can be drawn in many different ways, such as by moving its vertex
in the space where it is drawn. Hence, for an analysis of the characteristics
of a graph and the information that it can provide, it is important to have
univocal mathematical ways to represent them. A way to do that is to
define the graphs through matrices that are obtained from some properties
of them. Thus, we will now show some matrices associated with graphs
that will be used in this work.

2.1.1 Adjacency Matrix

A matrix for defining a graph G(V, E) by the connectivity of its
vertices is the so-called adjacency matrix A(G). The elements A;; of it is
defined by verifying which pair of vertices from V are connected by the
edge in the set E. Thus, we say that from among all vertices in V', a pair
of them is said to be adjacent, and denote it as v; ~ vj, if there is an edge
e ={i,j} € F that connect them, and the elements of its adjacency matrix
is hence defined by?°

1, ifv; ~wvy,
Aij = (2.1)
0, otherwise.
In this way, a matrix A, with |V'| x |V| elements is obtained, where n = |V/|
is the number of vertices in G.

Since the vertices of a graph can be labelled in multiple ways, a
single graph G may correspond to several different adjacency matrices.
Let A and A’ be adjacency matrices of two graphs G and G’, respectively.
To determine whether these matrices represent the same graph structure

with merely permuted vertex labels, we check if there exists a permutation
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matrix P such that

A = P AP, (2.2)

If such a matrix P exists, then G and G’ are isomorphic, denoted G =
G".3%3% On the other hand, if no such permutation matrix P can be found,
then G and G’ are non-isomorphic and the difference between them go

beyond relabelling and reflect distinct graph structures.

2.1.2 Degree Matrix

Another characteristic of graphs that can be studied is its vertices
degree. The vertex degree, with notation d;, is defined as the number of
edges that are attached to some vertex v; € V of G. So, a |V| x |V| matrix
D can be obtained by

D;; = d;0yj, (2.3)

where 9;; is the Kronecker delta, §;; = 1 if ¢ = j, and ¢;; = 0 if 7 # j.
As may be noticed, this is a diagonal matrix whose elements can
also be obtained by the sum of elements in each row or column from its

adjacency matrix:
V]

Dij =6 Ajj. (2.4)
j=1

That is possible because, by adding all the connections of a vertex, we

obtain the degree of it.

2.1.3 Example

To illustrate the construction of matrices from a graph, the graph
shown in Figure 2.2 will be used. This graph is defined by a set of seven
edges V = {vy,...,v7} and a set of ten edges £ = {ey, ..., e10}, which can

be represented by e; = {v1,v2}, €2 = {v1,v3}, e3 = {vg, v3}.



23

The adjacency matrix is given by

V1 U2 V3 Vg4 Uy Vg U7

10 0\ v
o

v (2.5)

0

1

0| va,
11 vs
0| vg

0) V7

where the red elements are the labels. And its degree matrix is obtained

O O = == O =
o O = O =

_ R O = O =)k O
oSO O = O O O O

1
0
1
0
0
1

as a diagonal matrix, which we can define in a simplified way as
D = diag(2,4,4,3,4,1,2). (2.6)

2.2 GRAPH SPECTRA

From the adjacency matrix of a graphs it is possible to define some
properties, such as graph spectra. This property is a graph invariant, being
the same for any isomorphic graph, that is, it is the same for any labelling
choice.

The spectrum of a graph is obtained from the characteristic polyno-

Figure 2.2 — Example of a simple graph with vertices and edges labelled.

Source: the author.



24

mial of G37. Taking its adjacency matrix A, it is defined as
Pa()\) = det(A — A). (2.7)

To find the Laplacian spectrum and the harmonic Laplacian spectrum,
instead of the A matrix, the matrices L and A(G) are used, respectively.
From this characteristic polynomial, the spectra are obtained as the set of
eigenvalues A of these matrices together with its multiplicities. Thus, the

spectrum of G is written in the form

Spec(G) = {(A)™, (A2)™2, o, (A)™ } (2.8)

It is possible that two graphs G and G’ can have the same spectra, they are
cospectral graphs. This coespectrality does not necessarily imply that G
and G’ are isomorphic, as some non-isomorphic graphs can have the same
spectra. However, there are some special cases where all the graphs with
a given spectra are always isomorphic, in this case, they are said to be

graphs determined by their spectrum.?’

2.3 GRAPH FAMILIES

In graph theory, some commonly used structures receive names, which
helps to rapidly define them. These names are utilized to define a set of
graphs that follows a well-defined pattern of construction as a function of
some parameter of the graph, as the number of vertices or edges, defining a
family of graphs. In this section, we will define some of the most common

families of graphs that will appear along the text.

2.3.1 Path Graphs

A path graph receives the notation P,, where n is the number of
vertices on it. Its construction can be made from a sequence of n vertices
where each new vertex connects with the former last vertex, as illustrated

in Figure 2.3, having a set of n — 1 edges. This figure also presents a way
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to label the vertices, following that, it is possible to define its adjacency

matrix in a general way as

010 --00
( )
101 -

.00
01000
000 1 01
\0 00 0 10)

where every element is 0, except for the ones at the left and right from the

main diagonal that has value 1, which can be defined by

1, ifj=0i41,
Ay(P) = o (2.10)
0, otherwise.

where 1 <i <n and 1 < j <n. This can be rewritten by using Kronecker
deltas,
Aij(P) = djim1 + djis1- (2.11)

The same can be done for its degree matrix. When using this proposed
labelling, only v; and v, have degree 1, while the degree of the remaining

vertices is 2, and its expression is

Figure 2.3 — Path graph P, with 2, 3, 4 and n vertices.

O—0@ O60—0 60— 6

Source: the author.



26

2.3.2 Star Graphs

The star graphs are represented by S, having n vertices and n — 1
edges on it. Here, the hub is the only vertex that is connected to all other
vertices, and can be referred to as a central vertex. The other vertices
are the peripheral ones and do not have any connections between them.
A possible labeling is illustrated in Figure 2.4, where the central vertex is
defined as v. From that, the following adjacency matrix is obtained
(011 - 1)

100 ---0

AS,)=1100 ---0 |. (2.13)
S .0
\100 0 0)

Here, the only non-zero elements are the ones in the column or lines with
the same label as the central vertex, except for the main diagonal one. This

also is obtained in the expression
Aij(Sn) =6+ 01 — 2011051, (2.14)
that can be simplified to
Ay (S,) = (61— 6,1)° (2.15)
The central vertex has degree n—1, while the remaining vertices have

Figure 2.4 — Star graph S,, with 3, 4, 5 and n vertices.
53 54

Source: the author.
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degree 1. Thus, its degree matrix for star graphs can be obtained from

2.3.3 Cycle Graphs

Cycle graphs C,, are defined from a sequence of n vertices where
each one is connected to other two vertices, also having a number n of
edges. This leads to a graph equal to a path graph P, with an edge added,
connecting the two vertices of degree 1. Its illustration is shown in Figure
2.5, where a proposed labeling way is shown. Thus, is possible to write its

adjacency matrix in the following way

(010 -0 1)
101 00
010 --00
L ror o 10
000 1 01
\100 0 10)

, (2.17)

where the elements with the value 1 are the ones on the left and right of
the main diagonal, and also the elements A; ,, and A, ;. From that, we also

can write as function of Kronecker deltas,
Aij(Cn) = dij—1 + bija + 0ir0jn + dindji. (2.18)

Figure 2.5 — Cycle graphs C,, with 3, 4, 5 and n vertices.

Cs Cy Cs Ch
() () () (") (v
.
@ Pg o
.0
.0

Source: the author.
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As every vertex is always connected to other two vertices, its degree
matrix is simply
Dij(Cr) = 20;. (2.19)

This can also be understood as an identity matrix of dimensions n X n

multiplied by two.

2.3.4 Wheel Graphs

A wheel graph is denoted by W,, and has n vertices and 2(n—1) edges.
These graphs can be understood by a combination of construction of star
graphs and cycle graphs. Similarly to star graphs, it has a central vertex,
which is connected to all other vertices, but these peripheral vertices follow
a construction similar to cycle graphs, where each vertex is connected to
two other vertices, as illustrated in Figure 2.6.

It follows that the adjacency matrix for W,, graphs will have the form,

[0 11 11
10101
11000

AW =1 (2:20)
100 1 01
\110 0 10)

this is somehow similar to a combination of the adjacency matrices ob-

tained for S, and C,,_;. The first line and column is equal to the one

Figure 2.6 — Wheel graphs W,, with 4, 5, 6 and n vertices.

W4 W5

) D

@A@ U3 Uy

Source: the author.
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obtained in star graph, due their central vertex have similar connectivity
properties. The remaining parts of the matrix can be understood as equal
to the adjacency matrix of a cycle vertex or n — 1 vertices. That is, if the
first line and first column are removed, obtaining the so-called principal

submatrix a; 1, it will be equal to the adjacency matrix of a C,,_; graph,

1

awy=| . | (2.21)
: n—1
1

Its elements can be obtained from the expression

Ai; (W) = (6 — 5j1)2 + (1 =01 — 9j1) (6ij—1 + Gij1) + 6i20jn + 0indjo.
(2.22)
In the vertex degree properties in graph family, we can verify that
the central vertex has a degree (n — 1), while the peripheral ones have the

same degree 3. Thus, the elements of its degree matrix are given by
Dij(Wn) = (3 + (n — 4)di1) 6ij. (2.23)

2.3.5 Complete Graphs

Complete graphs are defined as K, and is a family of simple graphs
with the highest possible number of connections between the n vertices,

having n(n — 1)/2 edges, as shown in Figure 2.7. Consequently, this graph

Figure 2.7 — Complete graphs K, with 3, 4, 5 and n vertices.

B I B @’v@
(2) (13) @A®

Source: the author.
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is defined as fully connected, which implies that its adjacency matrix is

given by
(011 1 1)
101 11
A(K,) = S (2.24)
11
111 1 01
\111 1 10)

which is the same for any labelling of its vertices. As A(K,,) has all of its
elements equals to 1, except for the main diagonal, its elements is written

as
Aij(Kn) =1 — 6. (2.25)

For its degree matrix, we simply have that,
Dij(Ky) = (n —1)d;, (2.26)

because each vertex will always be connected to the other n — 1 vertices.

2.4 WEIGHTED AND METRIC GRAPHS

The graphs described until now are defined by binary connections
between its vertices, where either a pair of them is connected and receives

a value 1, or they are not connected and receive the value 0. However, there

Figure 2.8 — Example of a metric graph where lengths /; ; are defined along each edge ey; ;) of
a graph.

Source: the author.
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are some cases where having only this relation between vertices is not suf-
ficient. For example, when modelling networks as social networks where
the frequency of contact of individuals is necessary, or in internet networks
where it may be necessary to know the bandwidth between the connec-
tions.3® In these cases, an additional value is necessary, which receives the
name of weight w, of the edge e. Thus, graphs with weight on their edges
are called weighted graphs and are necessary in the analysis of networks,
being used to define optimisation models.?? Some visual representations
when drawing weighted graphs can include writing the value of the edge
weight next to it, or representing each edge with thickness proportional to
its weight.

In some cases, such as in logistical networks where the best travel
route is aimed, it is necessary to know the distance between its elements.
To achieve that, it is also possible to define each edge ey; ;3 of the graph
that has certain lengths ¢;;. Attributing a distance between the vertices
and considering these edges as one-dimensional entities also allows defining
positive coordinates z;; € [0, ¢;;] along them. Graphs like these are called
metric graphs, as the one illustrated in Figure 2.8.3°

Some areas of physics benefit from these metric graphs, by using
them to describe some structures and its metrics along the edges to define
operators along it. As an example, we have the quantum graphs which
are used to model the scattering in some structures, and will be the focus

along the following chapters.
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3 QUANTUM GRAPHS

The basis for graph theory applications to define structures of con-
nected one-dimensional quantum wires can be retrieved from studies like
the one presented by Linus Pauling in 1936, where he proposed to use rec-
tilinear hexagonal nets to describe aromatic hydrocarbon molecules and
the electron flow between adjacent atoms on them®®. This led to applica-
tions in other molecules, such as in the work by John Stanley Griffith in
1952, using Schrodinger’s equation for a free electron in an one-dimensional
box to obtain the electron density along the naphthalene molecules.”® Fur-
ther studies were presented in the direction of scattering in one-dimensional
multiconnected quantum systems, as the ones in connection with Anderson
transition in disordered wires3?%. Others proposed them acting as waveg-

42 petwork models for adiabatic

or in quantum Hall systems**.

uides in mesoscopic quantum systems
quantum transport43

In works in quantum mechanics that are directly linked to graphs, we
found the one presented by Pavel Exner and Petr Seba in 1989, where they
suggested concentrating the studies and experiments of quantum mechanics
on thin wires in the so-called “quantum mechanics on graphs”.*® Further,
the works of Tsampikos Kottos and Uzy Smilansky in 1997 used the term
“quantum graphs” and showed that this model can be used to study quan-
tum chaos, showing that it is possible to obtain analytical solutions in
quantum graphs even when they present chaotic behaviour2:21:46-49,

Thus, let us define these models of quantum graphs.

Definition 3.0.1 (Quantum graph). A quantum graph (QG) has a notation

T, and it is defined by a triple of conditions:?

i. A metric graph G(V, E);
ii. A differential operator H (Hamiltonian) defined in each of its edges;
111. A set of boundary conditions on its vertices.

As defined for metric graphs, each edge ey; ;1 will be associated with
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a positive length ¢;;. Thus, the coordinates z;; € [0, ¢;;] are defined along

them. This allows to define an operator, such as the one-dimensional mag-

netic Schrédinger operator, to be applied on each edge,?"30
1 (h d ?
Hij = o\ T qAij(zij) | + qVij(zij), (3.1)
irj

where \A;; is the magnetic vector potential and V;;(z;;) is the electric po-
tential along the edge. Throughout the study here, we will consider the
scattering of a free particle in a one-dimensional multiconnected system.
Thus, without the action of the electric potential or the magnectic vector

potential, this becomes
h? d?
2m dxy;

i = (3.2)

With the operator defined along eg; jy, the functions along the graph v;;(x;;),
as illustrated in Fig. 3.1, will be obtained from the second order differential

equation
i)

2
dx;;

= k2¢”(ajw) (33)

Thus, ¢;;(z;) is a wave function with wavenumber k = \/2mé& /h?, where
m is the mass of the particle and £ its energy. These wavefunctions can

be written in the form
’QDZ](J]) = aijeikm - bijzij€_ikx, (34)

Figure 3.1 — Metric graph with wavefunctions ;; defined on each edge e j;.

Source: the author.
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where z;; = e*ii is a metric parameter for the length of the edge. A set
of equations of the wavefunctions in the graph is obtained, one for each
edge of the graph, defining a system of equations. To solve this system of
equations, more equations are necessary, as there are two parameters (aij
and b;;) to be obtained from each of them. These equations are obtained

from the boundary conditions.

3.1 BOUNDARY CONDITIONS

For a given vertex in the graph, we must define the boundary condi-
tions for the wavefunctions on the edges adjacent to it. Thus, for a vertex

v; of degree d; the set functions with ends at it

Yini (Vi)

Ving (vi)

\D(Uz) = J (35)

%N;’i (vi)

where N is the set of vertices adjacent to v;. As the Hamiltonian is
a second-order differential operator, two conditions per edge are needed,
generally involving the values of the wavefunctions in W (v;), as well as their
derivatives.

A first example is the Neumann boundary conditions, sometimes
also called Neumann-Kirchhoff or standard conditions.?® This is defined so
that the functions along the QG are always continuous and the current is
conserved. Hence in a vertex v; with this boundary conditions (B. C.), the

following must be satisfied

Y (x) is continuous at v;,

Neumann B. C. : Z dy (3.6)

dx;s
jeni Y

However, in Dirichlet boundary conditions, the function is still con-
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tinuous along the QG, but it vanishes on its vertices, hence

o Y (x) is continuous at v;,
Dirichlet B. C. : (3.7)

»(v;) = 0.
This is also known as decoupling condition, due to the fact the functions in
adjacent edges do not transmit through these vertices, the results will be
equivalent to detach these d; adjacent edges, forming edges with this end
at vertices of degree 1 with Dirichlet boundary condition."
Both can be grouped as limiting cases of the same condition as the
so-called ¢ boundary condition. It is analogous to conditions for the one-

dimensional Schrodinger equation with a potential defined by a Dirac

function®'. Hence, this can be defined as

Y(x) is continuous at v;,

0 B. C.: dp B .
Z dﬂ?@j (Ul) - aviw(vl)a

(3.8)

JEN

being a,, a parameter that defines the delta function intensity at v;. In this
sense, the limit «; = 0 leads to the Neumann boundary condition, while
the limit for a; — 00, the Dirichlet one is obtained.

These boundary conditions allow us to interpret the vertices of the
QG as scattering centres, transmitting some part of the wavefunction in a
given edge to the other adjacent edges, while there is also a reflected part
to the same edge. From Eq. (3.8), in a given vertex with degree d; > 2,
e.g. a branch intersection of d; scattering channels connected at this same

point, the following reflection and transmission amplitudes are obtained

o — (dz — 2) 1k
i = , ; 3.9
" dZ’Lk — O ( )
2tk
f=— 3.10
dﬂ]{ — Oy ( )

which are dependent on the wavenumber of the particle, the degree of the

vertex, and the intensity of the delta function at it. Both of these results
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can be rewritten in a single form, by considering the scattering from an

edge {j,i} to another edge {i,j'} through the vertex v;21:51:%2
it i 2k

from what ¢; is retrieved when j' # j and r; for j/ = j. Thus, for Neumann
B. C., where a; = 0, 5
o k) = 2 = i (3.12)
(3
is obtained.
Solving for a dead end vertex, that is, for d; = 1, there will be only
the reflection part. Hence, the scattering amplitude at it is?®

_ gliindidt gy
ri =0, (k) pr—

(3.13)
For the limit values for a; = 0, the reflection amplitude with a Neumann
boundary condition is r; = 1, while for the Dirichlet condition, in the limit

for a; — o0, it is r; = —1.

3.2 GREEN’S FUNCTION FOR QUANTUM GRAPHS

When dealing with differential equations, one method to solve it is
using the Green function method.?® In the case associated to the Hamilto-
nian H(xy) of a system, it is defined by the nonhomogeneous differential
equation

€ — H(ap)|Glas,a:€) = blay — ), (3.14)

where the Hamiltonian operator here could be defined by the equation
(3.1), &€ is the particle energy and 0 is the Dirac’s delta function. For
some systems such as quantum wells or square potentials, the exact form
of Green’s function for the system can be obtained.

The first applications of studies on quantum graphs by the Green’s
function method considered families of all possible paths P, ;, from a point

x; to another point x along the graph. At these points the particle can be



37

scattered according to a boundary condition there and will form another
family of paths. As an example, we present the Fig. 3.2 where P;; are re-
lated to the amplitudes of the wavefunction components to each direction
in regions of constant potential. At some points, there will be boundary
conditions associated, which implies in some reflection and transmission
scattering amplitudes, in this Fig. 3.2 it occurs at the points where there
are potential changes. Hence, this method dealt with the Green’s func-
tions being defined by the composition of all possible trajectories defining
an action in a similar method to the path integrals proposed by Feynman,
where the evaluation is also over all possible trajectories.?*%° Further stud-
ies show a direct way to obtain the exact Green’s function of a QG which
is the method that we will explain and explore in this section.?” 2
In order to study the scattering in QGs using Green’s function, we
should add leads on it, where the initial and final points (x; and z) will
be defined. The entrance vertex will be defined as v; and the exit vertex
Figure 3.2 — Representation of one-dimensional step potentials with arrows representing the
possible paths of a particle scattering on it. Below, there is its respective dressed
QC, where the thickness of the edge represents the potential associated in that

region, and the possible paths inside the region become the family of paths from
one vertex to another F;;.

V

——————————

‘‘‘‘‘‘

Source: the author.
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will be called vy. Hence, each of these leads increases the degree of the
vertices to which they are attached (d,, — d,, +1 and d,, — d,, +1). This
is exemplified in Fig. 3.3, where an initial graph G has leads attached to
it at the vertices v; and vy.

In each edge e, = {v;,v;} of the graph, two families of paths will be
defined, P;; and Pj;, associated with the amplitudes of the wave function
going from v; to v; and from v; to v;, respectively. Each of these path
families will travel through a distance ¢., and scatter at the final vertex
of this path, that is, v; for P;;. The scattering in this vertex will define
the other families of paths that start in this same vertex and end on its
adjacent vertices. Furthermore, if a lead is attached to this vertex, there
will be transmission of the particle leaving the QGs. Thus, this approach

leads to the solution of the Green’s function for quantum graphs given by

Solution 1. The Green’s function for a quantum graph UL, is given by

m

N L N (O ] N C AT

where there 1s | leads attached to it and its scattering coefficients 0% D are
defined from one lead l; to another lead ly is obtained from its adjacency

matriz A, the reflection r; = g}i’j}’{j’i}, and transmission amplitudes t; =

Figure 3.3 — (a) Example of a quantum graph, (b) two leads ¢ and f added on the vertices vy
and vy, (c) leads added on all vertices and a choice of ¢ and f.

Source: the author.
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aﬁi’j}’{j’l#}, are in the form?®’
. \4
j=1

With the scattering families given by the solution of a system of equations

whose elements are

Py =z |Ogity +riPa+t; Y AuPal, (3.17)
le(V\{vi})

where | € (V\{v;}) defines that the summation is over all vertices v; € V,
ke

except v; and z;; = e,

This formulation for the Green’s function in a QG from its adjacency
matrix allows us to simplify the evaluation of the scattering in this system,
as the necessary inputs are the vertices where the leads are attached, the
adjacency matrix of the graph, the scattering amplitudes in each vertex,
and the length associated with each edge.

The fact that the evaluation of Green’s function for a QG utilises the
scattering amplitudes of its vertices allows us to simplify the evaluation
of QGs scattering amplitudes when the amplitudes of some internal struc-
tures of the QG are already known. In this case, a given internal structure
formed by a set of vertices and edges of the original QG is rearranged to
Figure 3.4 — A quantum graph with 7 vertices and its respective simplification when the set

of vertices {v9,v4,v5} and the edges between them were simplified to an effective
vertex, which in this case is the quantum graph defined by Kj.

Source: the author.
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an effective vertex, which should have all the same connections and the
scattering amplitude of the simplified structure. Then, the scattering am-
plitudes in the original QG can be obtained from the Green’s function
evaluation of the effective QG with this new set of amplitudes on its ver-
tices. In Figure 3.4, there is an example of a QG, where a set of vertex and
edges is simplified to an effective vertex. In the following section, we will
illustrate other methods used to simplify the evaluation of the scattering

amplitudes.

3.3 SCATTERING MATRIX AND TRANSFER MATRIX

When dealing with wave propagation in systems, especially when
studying the transmission and reflection amplitudes in these systems, the
Scattering Matrix and the Transfer Matrix are important tools. As wave-
functions often appear in the quantum mechanics context, as the ones
present in the scattering in QGs presented here, these matrices can appear
in some definitions or be used in some analysis of these systems. Thus, in
this section, we will explain their definitions, applications, and the relations

between both approaches.

3.3.1 Scattering Matrix

The scattering matrix describes the relationship between the incom-
ing and outgoing waves in a given scattering centre. For example, as illus-
trated in Figure 3.5, there are two waves that ends in the sample, one from

Figure 3.5 — Illustration of the incoming and outgoing waves at a scattering centre with scat-
tering matrix S with two scattering channels.

wz- — aLeikz 770]—% — bRefikx
—_— —
LR S LEL N
A — —_— —_
w; — bLe—zkm 90 w}g — aRezkm

Source: the author.
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the left,
Y = 77/1_{(37) + ZDE(SU) = aLe”m + bLe_ikx (3.18)

and another from the right
wR = ¢E(l‘) + wj%(x) = CLReikx + bReiikx (3.19)

where each of the + and — components are related with each direction of
propagation. By defining the scattering region in the limits —¢ < x < £,

the scattering matrix S of this system establishes the relationship

S ( v (=0) ) _ ( v (—0) ) (320
¥r(0) Vh(0)

where this matrix can be rewritten as

S11 S
S= [t (3.21)
So1 S22
when combined with Eq. (3.20), it gives the equations

Yy (=€) = Sy (—£) + S1295(¢)

(3.22)
Vi (0) = Sa197 (—L) + Sa2¥5(£)

As one may notice, this can be related to the scattering amplitudes on
the system, with S;; = rz the reflection on the left side, S12 = tg the
transmission from the right to the left side, Sy; = ¢ the transmission

from the right to the left side and S92 = rr the reflection on the right.

t
S(” R). (3.23)
lr, TR

On the properties of this matrix, due to the conservation of current,

Hence,

it must be unitary,

Sis =1, (3.24)
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where ST is the complex conjugate transpose matrix of S

* t*
St = (rf L ) , (3.25)
th TR

with 7 and ¢; the complex conjugate from r; and t;, respectively. This

leads to the relations

( 24 [t 2 rite + e ) _ ( 10 ) (326
trrp + ity 1rel* + [tgl? 01)
which shows the unitarity of the scattering from each side of the system
by [r;* + [t;]* = 1.

A second property is related to the time reversion symmetry, as for

any 1 that is a solution, ¥* is also a solution, this leads to

(=L (=2
S ( ¢L+£ ) ) = ( LE ) > . (3.27)
g (0) bg" (0)
From the conjugate of Eq. (3.20)
(=0 L0
Vg (0) g (0)
and combining these equations, we arrive to the relation
iy TH(_y
SS* ( %_E ) ) = ( L_E ) ) : (3.29)
Vg (€) Vg (0)
implying that S also must be symmetrical,
SS* =1, (3.30)

Thus, for a time reversal symmetry, both transmission amplitudes are equal

and can be rewritten as t; =t = t.
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3.3.2 Transfer Matrix

Another interesting matrix on scattering studies is the so-called trans-
fer matrix M, in which the relationship it provides is between the wave-
functions in the left with the waves on the right side as illustrated in Figure

3.6 and equations as follows,
Iy ( Ui (=0 ) _ ( 10 ) | (3.31)
v (=0) Yr(0)

My, M
M( b 1’2>. (3.32)

with

returning the relations

Vi (0) = Mgy (=) 4+ Mgy (=),

(3.33)
Vr () = My ipf (—0) + Maotby (—0).

The utility of this matrix becomes clear when studying scatterer disposed
in a series layout. As M links the wavefunction in one scattering channel
with the wavefunction in the other, this last one may be connected on other
scatterer. For instance, as illustrated in Figure 3.6 (b), for three scatterers
with transfer matrices My, My and Mjz, the wavefunction v, and 1, are
Figure 3.6 — Illustration of the incoming and outgoing waves at a scattering centre with transfer

matrix M with two scattering channels. (a) Only one scatterer. (b) Scatterers with
transfer matrices M1, My and M3 arranged in a series layout.

(a) (b)

0 oy vy Uy (ong a
— — — — — —
venmm| N | r| M || M || My | e
— — — — — —

vy Vg (Ch Uy Ve Va

Source: the author.
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linked by the product of these matrices in the form

+ +
(Zz>Mwmm<Zz> (3.34)

Thus, it is helpful on evaluation of such systems by knowing the transfer
matrix of each individual subsystem in series.

In order to obtain the transfer matrix from the scattering amplitudes
of a given system, it is interesting to compare the system of equations in
Eq. (3.33) with the one obtained in the scattering matrix case from Eq.

(3.22) which can be rewritten as

Vi (£) = Sa1¢7 (—L) + Sa2¢5(0),

5 (3.35)
Yp(l) = =gt (=0 + 281297 (=0)
and by substituting the second one in the first,
VR0 = (S0 — %) f (—0) + 20 (—0),
b2 b2 (3.36)

Vp(0) = 5201 (=0 + 181007 (—0)

Finally, by comparing with Eq. (3.33), we find the relationship between
the scattering matrix and the transfer matrix elements. Thus, the transfer

matrix elements can be obtained from scattering matrix elements by

M (3.37)

_ 1 S9.1512 — 522511 S22
Sl,2 —5171 1 ’

or with the scattering amplitudes,

I
AJ—( m”7ﬁ>. (3.38)

t —TrL 1

Similarly, it is also possible to utilize the elements of the transfer matrix
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to obtain the equivalent scattering matrix by

1 —M. 1
S = 21 . (3.39)
M2,2 MLlMQ,Q — MLQMQ, 1 MLQ

This is useful to obtain the equivalent scattering amplitudes of the

whole system after using the transfer matrix method to evaluate the scat-
tering in the system. Thus, the method presented here to obtain the scat-
tering matrix of a system consisting of subsystems in series arrangement is
first to obtain the scattering matrix of each subsystem, second to transform
them in their respective transfer matrix, third to multiply these transfer
matrices, and fourth to transform the transfer matrix of the whole system
in the scattering matrix. It is also interesting to suggest the possibility to
evaluate the scattering matrix of systems in series, e.g. S4 and Sp, using
the Redheffer star product Sqp = S4 x Sp. This directly associates the
elements of the scattering matrix of each subsystem with the final scat-
tering matrix of the system.°®5" This application was also suggested for

structures similar to QGs.”®

3.4 SCATTERING ENTROPY OF QUANTUM GRAPHS

When dealing with probabilistic processes, a possible tool to study
them is obtained from information theory, the Shannon entropy. This

entropy proposed by Shannon

encodes the information from a given event
with a set of probabilities p;. For an event with probability 0 < p <1 to

happen and (1 — p) to not happen, it will be written as

H(p) = —plogy(p) — (1 — p)logy(1 — p). (3.40)

This entropy with the logarithm in basis 2 has unity bit. The maximum
is at p = 1/2 with H = 1 and the minimum is at p = 0 or p = 1, acting
as a measurement of the information of this event. That is, for already
known results, no information is retrieved, while for equiprobable results,

the information is maximal. For example, in a coin toss, the two possible
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results are head, with probability p or tail, with probability 1 — p. With
a fair coin, the probability of each event is the same, the informational
entropy of the event is maximum, and the result of each toss has maximal
surprise. However, when tossing a biased coin, one result is more probable
than the other, which decreases the informational entropy, and the result
becomes less surprising.

An extension is for [ possible results from the same event. In this

case it is defined as

l
H(p) = — ij loga(p;), (3.41)

with l
> pi=1 (3.42)
j=1

This is maximal for all p; = 1/n reaching H = logyn. This entropy had
been applied in the most diverse situations, such as in works on thermo-

6061 or in localised energy configurations®%3.

dynamics

When dealing with QGs, the wave interference in these structures,
due to their topology and its boundary conditions, returns probabilistic
values in the form of transmission and reflection coefficients. In this sense,
we proposed the application of the informational entropy on QGs by the

following definition %466

Definition 3.4.1 (Scattering entropy of quantum graph). For a chosen input
channel i on a quantum graph T'L., with | scattering channels with scattering

amplitudes UIEJIGZ)(k) which satis

S ‘ag;"’(k))? —1, (3.43)

j=1
the scattering entropy (SE) is

(i) 1y _ Gy | G) 1|
HY) (k) == ]aF{G (/g)‘ log, ’JFJZG (k)‘ . (3.44)

Jj=1
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This entropy measures the distribution probability of the scattering
for all channels. Being maximal means that the scattering process equally
distributes the particle to all the channels. On the other hand, a minimal
entropy (0) shows that the scattering is to only one of these channels.
Extensions of this entropy, such as those proposed by Rényi and Tsallis,
are also possible, and we have studied in the context of quantum graph.%°

It can be studied in cases where the scattering coefficient has a given
period K, e.g., when dealing with QGs with Neumann-Kirchhoff boundary
conditions and the same edge lengths. In this case, we also propose an

average scattering entropy.

Definition 3.4.2 (Average scattering entropy of quantum graphs). Let I',,
be a quantum graph whose scattering probabilities have a period K, its

scattering entropy will also have a period K, and its average scattering

entropy (ASE) is
K

70 _ 1 i
0% Ho(*p)zG (k) dk. (3.45)
This is a measurement of the average equidistribution of the scatter-

ing over all channels.

3.5 RESULTS ON SCATTERING OF QUANTUM GRAPHS

Based on the definitions for QGs, the calculation of their scattering
amplitudes using the Green’s function method, as well as the scattering
entropy and average scattering entropy, in this section, we will apply these
concepts in the context of specific QG systems. The chosen QGs are defined
by some construction pattern, which allows us to compare the growth of
the QGs with the changes in its scattering properties. In this sense, first,

we will start with some QGs families.

3.5.1 Scattering in quantum graphs families

In order to verify the behaviour of the transmission in QGs as a

function of some variable, one may suggest studying it as a function of
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the increase of vertices, and consequently the number of edges, in graph
families. With that in mind, we focus on the family of graphs star (S,),
cycle (C),), wheel (W,,) and complete (K,). For scattering studies on these
QGs, the studied cases have two leads ¢ and f attached to their vertices v,
and v, respectively, as illustrated in Figure 3.7 with n = 5. All vertices
were defined with Neumann-Kirchoff boundary conditions and all the edges
with same length £.

The transmission amplitudes obtained on these QGs are presented
up to 10 vertices, and are shown in tables in Appendix C. The results
obtained for n = 3, ...,10 are shown as a function of the wavenumber x
edge length (k¢) in Figure 3.8. Furthermore, it was possible to obtain the
transmission amplitudes as a function of the vertices of the star, cycle, and
complete QGs, as shown in Table 3.1.

From some early analysis of these results, it was possible to verify

the following tendencies as the number of vertices in these QGs increases:

o I'g : its transmission peaks, localized on k¢ equals to integer multiples
of m, become increasingly narrow, while in the points out of these peaks

there is the tendency of backscattering;

e ['c : the tendency is that the transmission becomes highly oscillating,

but always limited inside of a certain region;

o ['yy and ' : the transmission becomes almost always suppressed,

due to their transmission highly depends on its vertices degrees, which

Figure 3.7 — Examples of quantum graphs star, cycle, wheel and complete with 5 vertices and
two leads ¢ and f.

&
Ss R Ws
U2 Us U2
1 — T N
III#UI' lll*’Ul'
U3 Uy U3

Source: the author.
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increases the tendency of backscattering with n.

Next, it was possible to extend for the case of n leads, as illustrated
in Figure 3.9. From this approach, the scattering amplitudes obtained as a
function of the number of vertices for the quantum graphs defined by the
families S,,, C,,, W,,, and K,,, are shown in Table 3.2. Due to the symmetry
in the quantum graphs I'§ , I, and I'} , their transmission amplitudes
are the same for any vertices, differing only in their reflection. However,
in cycle quantum graphs, the transmission amplitude of I't, depends on
the distance between the entrance vertex v; and any possible exit vertex
vy where the chosen pair of leads ¢ and f # ¢ are connected to. Also, the
equation for I'c. depends on whether n is a odd or even number. Hence,
as quantum graphs with n leads have n scattering amplitudes, its anal-
Figure 3.8 — The transmission coefficient of the quantum graphs I'Z, with two scattering chan-

nels, defined by the quantum graph families star (S,,), cycle (C,), wheel (W,,) and
complete (K,) as a function of wavenumber x edge length (k¢).

= o
T

2
Transmission coefficient, ]aﬁg”]

Wavenumber x edge length, k¢

Source: the author.



20

Table 3.1 — Transmission amplitudes, with z = e**¢, of the quantum graphs (T¢) with two
scattering channels connected to the vertices v; and v, as function of their vertices
number n.
G Transmission amplitude agG #4)
22(1 + 22
s (1+2)

n—(n—4)22
4z (2" = 1) (2" + 2?)
022 — ;4 _ 20 _ g nt2 4 ,2n+2
4z(1+2) 22+ (n—1) (1 +2?))
m+224+n—2)22)(n2—n+(2+3n—n2)z+ (8—5n+n?) 22— (2 —3n+ n?)23)

Source: the author.

ysis can also be simplified by the scattering entropy (SE) as illustrated
in Figure 3.10, that combines all scattering amplitudes in an information
measurement of the quantum graph.

The results for scattering entropy of families of quantum graphs with

n scattering channels show some new interesting behaviours:

o '} : the scattering probabilities are constant in function of k¢, having

the same scattering probabilities of the central vertex;

o ['?, : increasing the values of n the entropy tends to the same curve.
There is still a difference between some curves at k¢ = 7 + 257, with

integer 7, where the value of its entropy is the equal to the velues

Figure 3.9 — Examples of quantum graphs defined by S,, C,, W, and K, with n leads and
n = 5 vertices.

S5 R Ws
X e
/02 mEm U5 /02
1 —~ 7 N
lllﬁvl’ lll*Ul’
.s® .s®
Vs LLL] (1 U3

e

Source: the author.
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Table 3.2 — Transmission amplitudes, of the quantum graphs (I't) with n scattering channels
as function of their vertices number n. With z = €%, 3 = /9 — 1022 + 2% and
pe=3+22+4

G Transmission amplitude aﬁ’:zi’i)
S, 2z
n
| I ) G [m ) i a2 ]
odd n
B 2) [ G 42) — i G 1]
241D <\/ e \/ e )
Ceven n
(9= 22) pyp— (VB — /17)
2z (1+ 2)
W 2n + (n — 2) (22 — 23)
% 4z (1 + 2)
" n? —n(n—4)z+ (n — 2)? (22 — 23)

Source: the author.

obtained on I'§ for odd n and 0 for even n;

o [}, : it is noticed a region with entropy near to 0 around k¢ = w+2jm,
that becomes wider with the increasing of n. It is also noticed some
peaks at the ends of this region where the maximal scattering entropy

for n channels is found;

o I} : when increasing the number of vertices in a complete QG with
standard boundary conditions, the tendency is to increase the backscat-
tering. In this case, this implies in a behaviour of the scattering en-

tropy near to zero for almost all values of k.

Additionally, from these results on families of quantum graphs with
two or n scattering channels, we can proceed and verify the average scatter-
ing entropy H as a function of the increasing vertices in both cases. The
results obtained are shown in Figure 3.11, where it is possible to verify
their behaviour. For .5, in all three cases, the average scattering entropy

(ASE) shows its behaviour proportional to the changes in the degree of the
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central vertex. An interesting result in this QG is for the case n/, where
the normalised ASE is equal to 1 for n = 4, which is a case of equiprobable
scattering on all its channels. The ASE for W, and K, shows a similar
behaviour, which can be understood due to the higher dependence of their
scattering amplitudes on their vertices degree, specifically in the K, case
where as all its vertex degrees increase with n, its ASE decreases faster.
In C), the tendency is for a saturation of the ASE as n increases, which
can be expected when comparing it to the results in Figure 3.8, where the
transmissions become more oscillating over the same region, and from Fig-
ure 3.10 where it was seen that the scattering entropy stabilises in some
regions of k¢ for higher n.

Figure 3.10 — Scattering entropy H of the quantum graphs I'"% with n scattering channels, de-

fined by the quantum graph families star (S,), cycle (C,,), wheel (W) and com-
plete (K,,) as a function of wavenumber x edge length (k).

— 5~ 10 15 == 20

Scattering entropy, H (ot )

Wavenumber x edge length, k¢

Source: the author.
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3.5.2 Quantum graphs in series and parallel layouts

The scattering amplitudes of QGs can be evaluated through some
simplification, such as considering an internal structure of the QG becom-
ing an effective vertex. To do that, the scattering amplitudes of the internal
structure must be known and will define the coefficients of this new vertex.
Therefore, in this section, we will evaluate the scattering amplitudes of
some QG which will be used to define some arrangements of other QGs. In
this sense, the vertices v; in these QGs should be defined with some scatter-
ing coefficients r; and ¢;, which can be further replaced by the coefficients

of some already known QG.

Figure 3.11 — Average scattering entropy H of the quantum graphs I';; for the cases with ¢ = 2
and ¢ = n scattering channels as a function of the number of vertices (n). In the
n’ case the scattering entropy is the same from n but divided by its maximum
possible value logy(n). The quantum graphs are defined by the families star (.S,,),
cycle (Cy,), wheel (W,,) and complete (K,).
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In the first case, let us define a sequence of connected QGs as a series
layout. The effective scattering amplitudes in this arrangement will be
obtained here from a path quantum graph F%ﬂ. Initially we can define the
path QG with 2 vertices, v; and v, and two leads, ¢ and f, attached to
these respective vertices, as illustrated in Figure 3.12 (a). The scattering

amplitudes are

t27"222
Rty o) = s 3.46
<(v1,v2) T1+ 1_70174222 ( )
and
tthZ
Toto o) = ——— 3.47

where z = e* and ¢ is used to identify the series layout arrangement
between v; and vo. By doing the replacements {r1, 1} — {Re(v,.00)5 Le(vr,00) }
and {ro,ta} — {r3,t3}, it will be obtained the reflection and transmission
amplitudes of the case of F%g, or the series arrangement of the vertices vy,

V9, and v3 in the form

T 3@1 )73 22
Rc(m,vz,vg) = Rg(yl,w) + 1_ Rg(f() ) )7‘3,227 (3.48)
and - t
(1}1,1}2) 32:
T§(U1,U2,v3) = 1 : (349)

— B(v,,00)73%
Thus, these obtained scattering amplitudes can be extended for a chain of
n vertices as in Figure 3.12 (b), forming a recursive equation system for
Figure 3.12 — (a) A path QG with two vertices, I'p,, or a QG consisted on two vertices v; and

vy in a series arrangement, ['¢(y, 4,)- (b) A path QG with n vertices, I'p,, or a
graph consisted on n vertices vy, ..., v, in a series arrangement, I’

(a) (b)

C('Ul 7777 ’Un)'

' f : f
.- @ @ .f.....@.....@_...

Source: the author.
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n > 3 given by

2 2
C(Uh---vvn—l)rnz

_ 27
1= Ry, Tn%

R((Ul,...,vn) = Rg(vh...,vn,l) + (350)

Tc(vl,...,vn_l)tnz
1- R<(U1,---,Un71)rnz2

Tor o) = (3.51)

These equations can be used as an alternative recursive method for the
transfer matrix method®”, utilising directly its coefficients without the
transformations between the scattering matrix and the transfer matrix.
We can take the special case where the same quantum graph I', with
scattering coefficients rg and ¢ is arranged in a series layout containing n
copies of it, as illustrated in Figure 3.12 (b), for which we can define the
notation ¢,(I'¢). In this case, the reflection and transmission of the series

arrangement is

2 (Arfr — ACL) g

= .52
Rgn(FG) (2 _ A_) A’r—:: _ (2 _ A+) AR (3 5 )
and
2" (Ay — A_) 2!
T. = .
sn(lq) (2 _ A_) A?l— _ (2 — A+) AR (3 53)
with

Ao=T+4 (8 —rg) 2+ [1-2(%+ 1) 22+ (B —12)"2" . (359)

A second layout, starting with also two vertices v; and vy was pro-
posed, but now they are arranged in parallel layout, o(vq, v2), as illustrated
in Figure 3.13 (a). In this configuration, the central vertices are only adja-
cent to v; and vy, which are the ones connected to the leads. Let us define
both vertices v; and vy with the amplitudes r and ¢, while the other vertices
v; have the amplitudes r; and ¢; and in their adjacent edges it is defined

kt;

zj = €*4. So, we find the scattering amplitudes for this arrangement in
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the form
2
Ry(o00) =T + x {0172 + Coq + 2[ttity — (2r — t) ri1o) 2323
o(v1,v2)
—2(r+t)(r— t)2 (r% — t%) (r% — t%) zfzg}, (3.55)
t2
Totor,0) = A, ){tlzf + t2z§ —2(r —t) (rite + rotq) zfz%
0\V1,02

+ (r —t)° [ (r] = 87) oz + t1 (15 — 13) 23] zfz%}, (3.56)

where in order to simplify these equations, the following parameters were

used
Mgy = [1 =7 (4 122) + (7 = ) (rira + 1at2) 2223
@R nd) - 2 -2 vt 23] @)
and
Con =147 (r—1) (r2 —t2) 25| Tm20,
+ (2 —rt =) ozl — 1] (rh — ) 2. (3.58)

This allows us to study any case of two parallel systems and also let the
boundary conditions on the vertices at the ends and the edge lengths open.
Extending this study to obtain a general model of n copies of a quan-

Figure 3.13 — (a) A parallel arrangement of two vertices v1 and va, Ty uy)-
arrangement of n vertices vy, ..., vy, defined as Iy, 0

(b) A parallel

Source: the author.
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tum graph I'¢ arranged in parallel, as illustrated in 3.13 (b), we used an
approach where all vertices have the same scattering amplitudes r¢ and g,
all edges with the same length and the vertices connected to the leads have
Neumann-Kirchoff boundary conditions on it. With these restrictions, it

was possible to obtain scattering amplitudes in the form

2 (n2 + 1) rgz? — (n2 — 1) [1 + (7% — té) 24]

R _ , 3.59
on(Tc) n+1—(n—1) TGZ2]2 —(n— 1)2%7;4 (3.59)
and
T B 471th2 (3 60)
en{l'c) [n+1—(n—1)rgz?* — (n—1)" 22" |

In particular, one case of interest that can be obtained from this
approach consists of two parallel edges, each one with a given length ¢; and
(5, as shown in Figure 3.14 (a). This model was used in some propositions

for quantum devices%%9

, as changing the edge length parameters allows
a certain control of the outcomes. To obtain this particular case, one
can impose the standard boundary conditions, obtaining the scattering
coefficients r = —1/3, t = 2/3, r; = 0, and t; = e **% and applying it in
Figure 3.14 — (a) lllustration of Iy, 4,) the quantum graph defined by two vertices are connected

by two edges with lengths /1 and f2. (b) The QG Ty, (,,(¢)), where three copies of

the graph in (a) are arranged in parallel. (c) The QG I',(,,(s)), where three copies
of the graph in (a) are arranged in series.

(a) (b)
0,
(c)

Source: the author.
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equations (3.55) and (3.56), the obtained scattering amplitudes are

3+ (21 — 22)2 -3 (2 — 2122) 2129
(3 — Z122)2 - (21 + 22)2

RQ(&,@) - = , (361)

and
4 [(1 —z%) 21+ (1 —z%) Z2i|.

(3 — 2122)2 - (21 + 22)2
Additionally, in the limit where both edges have the same length, we thus

Toer ) = (3.62)

obtain the scattering amplitudes

Ry o) = —3(;_—_;2), (3.63)
Toy0) = % (3.64)
Similarly, for three edges in parallel,
Roy0) = —2(41_—_;22), (3.65)
T = 7oy (3.66)

We then propose a scheme for n copies of I, ;) disposed in series and
parallel layouts. The results of its scattering transmissions are shown in
Figure 3.15, where it is possible to compare how their scattering profiles
evolve by adding more copies of the same QG.

For a parallel layout, the behaviour of adding more graphs is to gen-
erally suppress the final signal, forming suppression bands whose width
depends on the main structure with the influence of the degree increasing
in the boundaries of the parallel system. In addition, some transmission
peaks around k¢ = 7 are observed, increasing the transmission coefficient
compared to the transmission of structures alone (n = 1).

For the series layout, the suppression band formation is even more
expressive, with the transmission coefficient quickly reaching 0 in the region
around k¢ = w. For other values outside this gap, there is an envelope of the

function that oscillates faster with the addition of more structures in series
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and has maximal values 1 and the minimum values change accordingly to
the structures in this layout. Something similar was found in a work that
measures signal transmission in some topological quantum devices. ™

We can analyse these scattering patterns especially in the context
of the average scattering entropy (ASE). For the parallel layout, as the
number of vertices increases, the tranmission quickly goes to zero and there
remain some peaks, which results in the ASE having a tendency to go to
zero. In the series arrangement, the ASE will have a tendency to saturate
to some values that depend on the structures in these layouts, as we had
studied some specific cases in this layout.%-%6

These structures are interesting because some works have proposed

cycle quantum graphs in series arrangements for quantum devices, meta-

Figure 3.15 — Transmission amplitude of n copies of Iy, arranged in (a) parallel, (b) series
layout, and the same is done for T',,(y) in (c) parallel, (d) series layout.

n

2

]
T

Transmission coefficient, ‘aﬁ’;i)

Wavenumber x edge length, k¢

Source: the author.
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68,69,71,72 Moving for-

networks and metamaterials using quantum graphs.
ward, in the next chapter, we will also propose applications of quantum

graphs acting to model the filament formation in some devices.
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4 QUANTUM GRAPHS IN FILAMENTS SWITCHING MODELS

The model of quantum graphs can be used in some applications and
in models of mesoscopic physics and nanotechnology. Leon Chua proposed
an interesting nanodevice when he verified that nonlinear devices establish
some links between voltage (V), current (I), charge (¢) and magnetic flux
(¢), such as capacitor (dg = CdV), inductor (d¢ = LdI) and resistor
(dV = RdlI), with straightforward connections of d¢ = Vdt and dq = Idt.
However, he noticed that the only relationship that had no definition at
that moment was a link between the magnetic flux and charge, for what it
proposes a device called memristor d¢ = Mdq, relating it to a resistor with
memory due to its properties by combining these two quantities.” One
of the implications of this model is the possibility of a pinched hysteresis
curve in a current versus voltage curve in a current-controlled or a voltage-
controlled system. ™™ In order to model a memristor using a QG approach,
let us first show how it is possible to obtain some electrical measurements

on it.

4.1 LANDAUER-BUTTIKER FORMALISM

The study of scattering in quantum systems can be applied in a

7683 They showed a way to

context proposed by Landauer and Biittiker
understand the electronic conduction at the nanoscale showing a relation
between the conductance g of the scatterer and the transmission probability

on it 7; j, between any pair of scattering channels ¢ and j, as being
g9=g0 Y Tj. (4.1)
i,J

2¢?
h

and h the Planck constant. In the case of only two scattering channels

where gy = is the conductance quantum, with g, the electron charge

with transmission 7', this becomes

9 = goT. (4.2)
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They also derived an equation relating the current [ with the trans-
mission probability 7. For a system with two scattering channels ¢ and j,

it follows

=g / ((€) — F(E)T(E)dE. (4.3)
where £ = (h*k?/2m) + u is the particle energy. The distributions f;(€)
and f;(£) are obtained from the particle distribution on each channel. For
an electron it follows the Fermi-Dirac statistics, being the distribution in
each scattering channel given by

1

1) = e 1

(4.4)

where p is a chemical potential, x is the Boltzmann constant and T the
temperature. This means that in each lead [ can be assumed to have a
specific y; or T; and the difference between any of these values on different
leads contributes to the current. Here, p will be assumed depending on the
voltage applied on each lead.

Thus, the electrical current in a given conductor with transmission
probability T" can be written as function of the difference of potential in

the leads as

o 1 1
I = 90 /—oo <6(8—,ui)//1T +1 o e(g_ﬂf)/“T + 1> T<5)d€ (45)

This relation between the electrical current and the transmission probabil-

ity allows to apply it on QGs. In order to do that, let us define a target
model that can be approached by a QG.

4.2 CLASSICAL MODEL OF FILAMENT GROWTH AND EFFECTIVE
QUANTUM GRAPH

In some works® ®8  the formation of a filament, which consists of
the non-equilibrium process of chemically forming a filament in a narrow

region, was considered, this is illustrated in Fig. 4.1 as an example of a fil-
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ament formed by silver atoms. These models showed how the conductance
changes with the growth of the filament.

In order to model filament growth, we first consider the simplest case
of a directed random walk from the cathode to the anode. In this sense,
let us start in a discrete grid of positions, as illustrated in Fig. 4.2 where
the particle starts in the cathode (left), then for each iteration it always
receives an increment of one position to the right together with a random
increment between three possible ones: up, middle, or down. This particle
travels until it reaches the anode (right), which starts the filament growth
process. The next particles will also do a random walk, until they reach
the other electrode or when they touch the filament that is being formed
and became a part of it. This process ends when the filament connects
both electrodes. Finally, a graph is constructed with its vertices placed in
the same position as the particles in the obtained filament.

This model can be extended for three dimensions, for example W x
L x D, with the electrodes defined by two parallel planes of dimensions
W x L, with a distance D between them. In this case, the random trajectory
of the particle, if done in the same way as in the previous case, will occupy
one from nine possible random positions in each iteration.

Next, we incorporate the voltage in the filament formation, which

will allow us to make better predictions on these filament constructions, as

Figure 4.1 — Example of a filament formation of silver atoms between two electrodes.

Au(-) Ag(+)
e o
Ag Photo-doped As,S;Film

Slide Glass

Source: AONO, M.; HASEGAWA, T. The atomic switch. Proc. IEEE, IEEE, v. 98, n.
12, p. 22282236, 2010.%
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the particles considered here interact with the electric field. To do that,
a given electric potential V, = V;(¢)/2 and V_ = —V{(t)/2 are associated
with each electrode. This allows us to evaluate the electric potential in the

region between the anode and cathode from Laplace’s equation
V(7)) = 0, (4.6)

and the boundary conditions being defined by the potential in the anode
and cathode. As here the region is defined by discrete positions, it is
evaluated by a discrete Laplace operator, obtained from a finite difference
between the potential on each position. From that, the electric field is

evaluated between the region from the gradient of the electric potential
Ey(f) = —VVi(7). (4.7)

Here, the time label only defines a particular time ¢ in which the electric
field is evaluated in the simulation, so that we are still solving electrostatic
equations.

With the electric field obtained between the electrodes, we should

describe the process of formation of the filaments. As the difference in po-

Figure 4.2 — Example of the process of filament formation through a random walk. The red
and blue squares are parts of the cathode and anode. The orange squares shows
the random positions through the random walk of the particle from an electrode
to another, with a dashed arrow to guide the eye. The green squares shows the
filament being formed, until it is complete, being represented by a respective graph.

Source: the author.
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tential between the cathode and the anode is V;, a certain density per unit
of time and unit of voltage py is associated with the emission of particles
from the cathode for V' > 0 or from the anode for V' < 0. The Eq. of
motion for each ion j with mass m, and charge e, is given as follows

d>r; ez

7= e EO W) (4.8)

where W (t) is a Wiener noise associated with the random formation of the
filament. During the motion of the particle, the simulation should verify
when the particle is close enough to the other electrode, or to the filament
being formed, to become attached to them.

Through the process of building the filament, this structure will have
the same electric potential as the electrode in which the filament is being
formed. Hence, it is important to always evaluate the electric potential
of Eq. 4.6 along the steps of simulation, with the spaces occupied by the
filament having the same electric potential as the electrode to which it
is connected and thus becoming part of the boundary conditions of the
system.

Additionally, it is possible to associate each particle attached to this
structure as a vertex and the bound with the nearest particles as edges,
obtained a graph associated with the filament structure. This allows us
to obtain the transmission probability through the filament from the QG
approach, and consequently obtain the current from Eq. 4.5. In order to
simplify the evaluations, each electrode is also defined as a given vertex,
which being the entrance or exit vertex according to the signal of the
difference of potential in the system.

The model defined until now describes the construction of the fil-
ament, but it is also interesting to define a decay of the filament. This
can happen due to two possible processes: the particle randomly detaches
from the filament or when the voltage flips its sign, the constructed graph
decays. These situations are modelled by a probability p; per unit of time

such that the atoms are removed. At the same time, when the voltage is
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flipped, the filament growth can be restarted in the other electrode.

4.3 RESULTS

The effective conductivity of this system can be calculated from the
Landauer formula from g = I/V. However, in experimental realisations, it
is hardly possible to isolate the filament. Hence, the effective conductivity
of the device will be obtained by the one of the filament plus a parallel
conductive device, which can be a dielectric or a resistor. In this way, the

effective current is given by

1) =g [ () - fulE) (%gm ; T<s>) dE. (49)

Here, g, will be considered in two possible cases, as a constant resistor and
as a voltage-dependent quantity, modelling either a liner or a non-linear
current behaviour. Additionally, due to the scale of the model, here we
will also consider a tunnelling effect, with g,(V) ~ go,.€"/", for which we
consider the quantities V. = 0,15 Volts, and 55gp, ~ 103271, quantities
compatible with some experiments found in the literature. %%

For the simulations of the model elaborated here, we now should
consider some parameters. The voltage was defined as a periodic function
with amplitude 0,35V and frequency w = 0,5Hz. The strength of the
stochastic force, for Eq. (4.8), has been chosen to be (W (t)?); = /0,005.
From that, some evaluations of filament formation were done together with
its current. As an example, we get the Fig. 4.3, which shows the values of
the voltage applied, the filament formed, its transmission probability and
the current over time and the I versus V' diagram, for either a trivial or a
Frenkel-Poole insulator. This result is also available in a video”!, where it
is possible to illustrate how random filaments are formed on each cycle of
filament formation, as a random value of variation on the initial position
of each ion is applied. Also, the filaments are attractive to the other free
ions, and when a new particle becomes part of them, there will be changes

on its transmission and consequently small jumps in the current curve,
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and changes also occur when there is a disconnection of some part of this
structure.

To obtain a general behaviour of the I — V' cycles, some parameters
were defined for comparison, namely three values of the dressing parameters
u at the edges of the QG: u = 0,00, v = 0,01 and v = 0,05, and four values
of the distance D between the electrodes: D =5, D = 10, D = 15, and
D = 20. For each combination of parameters v and D, a Monte Carlo
analysis was performed by evaluating the 100 cycles of filament formation,
each corresponding to a period of voltage. The average value of I — V
hysteresis is shown in Fig. 4.4, where it is possible to verify how the

memristive profile changes with different values for u and D. By increasing

Figure 4.3 — Example of a simulation for a filament formation. The left panel shows the voltage
as function of the time, with different colours to guide in the visualization of the
different cycles. The centre image shows an example of filament formed illustrated
by its respective graph. In the right panel, the transmission probability as function
of £/Vy is show. The profiles of the current versus time and the current versus
voltage are plotted at the bottom, with the two considered cases, for a trivial
insulator in the left, while for a Frenkel-Poole insulator is in the right.
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D, the formation of the filament takes more time, leading to the resistivity
change to occur later. The variable u is the potential along the edges
of the filament, so increasing it makes the QG less transmissive, due to
tunnelling and implying that the filament becomes more restive. This
characteristic was also observed in the measurements of niobium oxides”?,
further confirming the results obtained from hysteresis in this model.

A programme was written in Wolfram Mathematica to perform these

simulations, and it is provided in Wolfram Community.?® This led to the

Figure 4.4 — Current-Voltage characteristic within the context of the model developed in this
work averaged over 100 Monte Carlo samples, and as a function of the dressing

parameter u, with v = 0,00, v = 0,01 and v = 0,05, and the distance between
electrodes D =5, D =10, D = 15 and D = 20.
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discussion of such approach in a work on Phisical Review B%* were these
details were also discussed.

This model provides a specific case of a random generated graph and
its respective QG analysis. Here, the QGs obtained from random graphs
and its respective current obtained shows that even being random, the
statistical analysis provides some properties analysis, such as the average
hysteresis here. Going forward, in the next section we will try to gen-
eralise the QG obtained by random connections and verify its statistical

properties.
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5 RANDOMISED QUANTUM GRAPHS

Until now, the graphs were constructed through some well-defined
pattern for its edges, but there are scenarios - as in the last chapter - where
there is a certain randomness on them, and new approaches to define graphs
and to estimate their properties are welcome. In this scenario, studies on
random graphs emerge. As an example, consider a city where each of its
residents is said to be the vertices of our model, and in the beginning of the
day they are all disconnected from each other. When they wake up, they
begin to make connections with the closest persons to them, and over the
day, when interacting with other people, links are created between them.
These connections are the edges of this network formed by the individuals
in that city. Some people who interact more with other people, such as
the sellers, create more connections as customers pass through their stores,
becoming hubs in this large graph. On the other hand, some people do
not talk or interact that much with others and will define vertices with a
small number of connections. At the end of the day we have a graph that
contains information about human interactions in this city.

Among the initial propositions of systems with random links between
elements, Anatol Rapoport presented studies on mathematical biology?>.
His study was inspired by random connections between neurons and fo-

cused on doing statistical research on the distribution of cycles in these

Figure 5.1 — Erdés-Rényi random graphs with 8 vertices and (a) 7, (b) 14, (c) 21 and (d) 28
random edges.

Source: the author.
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networks. Some time later he also did another work with Ray Solomonoff,
proposing more applications to studies of neural networks, epidemics, and
mathematical genetics, highlighting other properties such as the degree dis-
tribution®”. Later, in some ways to formally describe random graphs like
these, looking to verify the possible properties that appear through this
approach, two studies proposed methods to construct them.

One of these studies is the random graph model proposed by Paul
Erdés and Alfréd Rényi in a paper published in 1959.% First, a number n
of vertices and m of edges are defined. Then, pairs of vertices are randomly
chosen, without repetitions, to be connected, and this process is carried out
until the target value m is reached. Following this method, an Erdos-Rényi
random graph is obtained, denoted by G(n,m). Examples are illustrated
in Fig. 5.1 with 8 vertices and m = 5, 15,20 and 25 random edges. It is
already possible to verify the probability of obtaining a particular graph

from all the possible ones from the quantity

P(G(n,m)) = ———, (5.1)

as there are n vertices, which can form (g) different pairs to be connected,
and the number of connections is fixed by m.

In the same year, Edgar Nelson Gilbert proposed the other random
network model?, with just a few months of difference between their sub-
missions. Here, a set of n vertices is also defined, but instead of fixing a
number m of edges, a randomisation parameter p, where 0 < p < 1 is used.
A Gilbert random graph, G(n,p), for each one of the (;) possible edges,
has a probability p of occurring; e. g. a random real number generator
of values between 0 and 1 can be used to define if a pair of vertices is
connected, the edge between these vertices will be constructed only if the
drawn number is bigger than p. An example is shown in Fig. 5.2 where
four random graphs with eight vertices and random edges were generated

from four given values of p. Thus, the probability of obtaining a specific
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graph with m edges from all the possible ones is given by
P (G(n,p)) = p"(1 — )&, (5.2)

as the random event might occur m times and fail (;) — m times. What
leads to a relation between both models when we estimate the probability

of obtaining a graph with exactly m edges from a random variable p is

n

P (Gopl B =m) = (@ )pra-p@n 6

That is, the probability to obtain an Erdés-Rényi random graph from
Gilbert’s approach.

These studies have brought to light some interesting properties, such
as the formation of giant components on graphs or the degrees distribution
over the random graph. Thus, this model provides an approach where the

properties of a random system can be studied.

5.1 SPANNING SUBGRAPHS

The subgraphs F(Vg, Er), are defined from the structure of a given
original graph G(Vg, E¢), with a set of vertices Vp and edges Er being a
subset of V7 and Eg, respectively. That is, Vp C Vg and Ep C Eg. Here we
will focus on the spanning subgraphs, where the set of vertices is the same

as the original graph, allowing us to simplify Vo =V and Ve = V. Thus,

Figure 5.2 — Gilbert random graphs with 8 vertices and (a) p = 25%, (b) p = 50%, (¢) p = 75%
and (d) p = 100%.

Source: the author.
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F(V, Er) is a spanning subgraph of G(V, Eg) if VF = V and Ep C Eg.%*
In Fig. 5.3 an example of spanning subgraphs is illustrated for a complete
graph with three vertices (K3).

When a target graph G is defined, there will be a set S of all the
possible spanning subgraphs F' from it. The number of elements in S, can
be verified by the summation of all the possible combinations from zero to

| E| of the number of edges in the spanning subgraphs |Epg|, that is,

S| = : 5.4
= 2 (isn) o9
which can be simplified to

S| = 2/F¢l, (5.5)

Thus, the probability to random choose a spanning subgraph F' € S is
P(F) = 27Eal, (5.6)

By another approach that utilizes the randomisation parameter p on its
edges to obtain the spanning subgraphs, the probability to obtain an spe-
cific subgraph F' with the restriction that F' has exactly |Er| = m edges

Figure 5.3 — All the 8 spanning subgraphs from the complete graph K3. (a) All the edges are
included; (b-d) One edge was removed; (e-g) Two edges removed; (h) All edges
removed, remaining only its vertices.

(a)  (u3) b)) @) () @) () ()

O—0 © © O ® © @)

Source: the author.
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is

P (F||Ep| = m) = plFrl(1 — p)lFarPrl (5.7)
Through this model of graph randomisation using the spanning subgraphs
it is possible to randomise other graphs than the K, graphs, as where done
in the initial approaches of random graphs. Thus, for a given target graph,

it is possible to define a randomisation parameter p at each of its edges

and understand the behaviour of its properties as a function of p.

5.2 SCATTERING TRANSMISSION ON RANDOMISED QUANTUM GRAPHS

Based on the approach to randomise discrete graphs, some works
showed connections between classical random networks and formulated
quantum random networks, some cases include spin arranged in graphs,

100,101 Here, we defined a randomised

quantum random walks, and so on.
quantum graph (RQG), with a focus on understanding the behaviour of
scattering through random quantum structures. In order to randomise a
given quantum graph I';;, which can be called the target quantum graph,
we use the spanning subgraphs randomisation model. That is, from the
set of edges Ere we should obtain all possible subsets from it, each sub-
set defines the set of edges Fr: that forms a subgraph I't. from I';. This
randomisation process I'z; will preserve some characteristics such as the
lengths in each edge, but affects the connectivity of the graphs, as some
edges still remain and others are removed in this process, this leads to
different degrees of vertices in each subgraph, and consequently there is a
change on their scattering amplitudes.

Then, from a given quantum graph I'(,, there is a set S of spanning
quantum subgraphs I'¢. from it. The scattering amplitudes, represented by
JIQJ;i)(k), can be evaluated for each 'y, € S. Taking the same pair of input
and output channels (i and f) and evaluating the scattering amplitudes of
all spanning quantum subgraphs of I'¢,, allow us to define a global scattering
coefficient for RQG. This is obtained by a weighted sum of the scattering

probability for each I';; multiplied by the probability that each of them
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exists, obtained by the randomisation parameter p, leading to the following

definition:

Definition 5.2.1 (Exact transmission coefficient of a RQG). Let I'¢, be a
quantum graph with c scattering channels. The exact transmission coeffi-

cient associated with the randomised quantum graph R(I'¢) is defined by

2

T , (5.8)

yb EFC EFC El—\c
e, (ks ) = S PPl - p) e

't spans T'g,

o\ (k)

F

in which p 1s the randomisation parameter associated with the probability

of the existence of an edge of the original quantum graph.

As the number of possible subgraphs obtained for a given target quan-
tum graph I';, is 2|EF8|, this exponential growth may become difficult to
evaluate the RQG scattering coefficients as the number of edges increases.
In order to overcome these computational issues, we proposed a Monte
Carlo method. To define that, let us first define the ensemble Sg,| con-
taining all subgraphs with exactly |Er| edges and a sample Sjg,| of |S‘EF|}
random elements from Syg,|. By evaluating the scattering amplitudes for
all subgraphs on §g,|, it allows to define an average scattering amplitude

as

(i) 0 |2 1 ) |2
A0 =g 2 |ett ) (59)
Erll g esin,,

Thus, by considering all the |Eg| 4 1 different sets of possibles sets Sz,
it allows to rewrite the Eq.(5.8) as

|Ec|
i : e 1 T
|Er|=0 F

Finally, taking random samples Sg,| Cr S|g,|, it was possible to propose

an approximate transmission coefficient as follows.

Proposition 2 (Approximated transmission coefficient for RQG). Let I'¢, be
a quantum graph with |Eg| edges and c scattering channels. Sig,| is the

set of all subgraphs I'G, with | Ere

edges from the quantum graph I'g,. Take
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samples Sp,| Cr S|g,|, of size |Sig,|| and calculate the average scattering
coefficient from Eq. (5.9). The approrimated transmission coefficient of

the randomised quantum graph R(L'¢) is

|Ec|

; E
b= 5 (1B oy e

—(1) (1|
) ) aE|(k)( . (5.11)
|Er|=0

|EFp

While the size of the ensemble S\g,| increases up to |Sig,l, 7;%{%)(145,]9)

converges even closer to Té{’l%)(k,p).

Proof. The Proposition 2 can be proved as follows: Substituting
Eq. (5.9) in Eq. (5.11) the approximated transmission probability can be

rewritten as

Bre | (Pl

1 |EF(}:7| Tc TC TC 1
Tai hp) = 3 ol (1 = p) e ST ol )

P%GS\EFC
F

:

(5.12)

Being Sjg,. | the set of all subgraphs I'% with number of edges |Er,
F

, when

| Ere |
S — IS = ¢ 5.13
Stk | = [SiEr | (\Er%l : (5.13)
we have
|Ere, | )
1 c Ec Ec 1
Tk = Y P ) S (ol (5
|Ep%| 0 FF€S|EF%

The first sum over the number of edges in the quantum subgraphs I';, and
the second one over all the possible quantum subgraphs with a given num-

ber of edges Er, is equivalent to the sum over all the spanning subgraphs
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of I'¢,. Then, in the limit given by (5.13) we have

. . 2
N FErc FErc \Erc N
Tk = 3 - p) e ol k)
I'¢ spans I'g,
_ (/) (k ) (5 15)
~ LR\ D) '

From these definitions and propositions made along this section, the
randomisation of some specific quantum graphs was done and the evalua-
tions on the scattering transmission of the quantum subgraphs were done.
The definition of these target quantum graphs and the results obtained

from their randomisation will be presented in the following section.

5.3 RESULTS FOR SCATTERING TRANSMISSION ON RANDOMISED
QUANTUM GRAPHS

In the context of random graphs, the final graph obtained is the
complete graph with n vertices (K,), as it is the most connected simple
Figure 5.4 — Examples of the complete graph minus one edge K with n = 4,6,7 and 8 vertices.

v; = v1 in all quantum graphs while vy = v(, 2)/2 for even n and vy = v(,,13)/2 for
odd n. One lead is attached to v; and another to vy.

(a)

Source: the author.
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graph. However, in order to explore the definition presented here, which
focusses on the randomisation of the possible edges of the target quantum
graph, we will define a graph that can be understood as the complete graph
minus one edge (K).

In summary, the target quantum graph K that will be used through-
out this section is illustrated in Fig. 5.4 for n = 4,6,7 and 8. It contains
n vertices, 2 leads attached to v; and vy and has all the possible edges
between any pair of vertices on it, with the exception of e = {v;, vs}. They
were defined to exemplify that our method can be applied to randomise any
quantum graph, and all the vertices of the target quantum graph have the
same degree (n — 1). In the quantum graphs studied here, all edges have
the same length ¢ and all vertices have the Neumann boundary condition.

The first case studied is the randomisation of the quantum graph
F%fi’ illustrated in Fig. 5.4 (a). As it has 5 edges, there will be 32 quantum
subgraphs, from which we found 14 groups of isomorphic QGs, which will
have the same scattering transmission coefficient. This allowed us to obtain
the exact transmission for the RQG R(F%ﬁ) by evaluating the scattering
transmission for each of these 14 non-isomorphic quantum subgraphs and
utilise the Eq. (5.8) without further difficulties. The results obtained are
displayed on Table 5.1 showing the details of it, such as the drawing of
these subgraphs, its probability, and the scattering coefficient.

From the data for the subgraphs of F%{E, we were able to construct
the plots in Figure 5.5, where the transmission coefficient for each number
of edges in the spanning subgraphs of this QG was plotted in a thin blue
curve, while the average transmission coefficient was evaluated with Eq.
(5.9) is displayed in a thick red curve. As these transmissions are periodic,
we concentrated on the period for k¢ from 0 to 27. With these results, it
was verified that for the number of edges less than 2, there is no trans-
mission, an expected behaviour, as the path from the input vertex to the
exit vertex needs at least 2 edges. When there are 2 edges, the quantum

graph has maximal or minimal transmission, with the predominance of the
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last one being verified by the average transmission. For 3 or 4 edges, some
transmission patterns start to appear due to the connectivity changes in
the quantum graphs. Finally, in the last case, with |Ep| = 5, there is only
one possible quantum graph that is the defined target quantum graph.
Therefore, from Definition 5.2.1 which gives the scattering transmis-
sion for a randomised quantum graph, the obtained data for R(I'? E) pre-
sented in Table 5.1 can be used in the following way. First, for each line,
the elements in the last three columns are multiplied. Then, the results

obtained for each line are added together. This results on

Figure 5.5 — Transmission coefficients of quantum subgraphs ensembles for I'%. with 0 to 5
edges. The top left numbers represents the number of edges of the Sﬁgraphs in the
ensemble; The thin blue curves are the individual transmission coefficients of each
subgraphs. The thick red curve shows the average transmission of the ensemble.

Transmission coefficient
—_

0 7 27 0 7 27 0 T 2
Wavenumber x edge length, k¢

Source: the author.
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Table 5.1 — Data for quantum subgraphs of I'%.. Subgraph: illustrations for the groups of
isomorphic quantum subgraphs, without the labels, which are the same from figure
5.4 and can contain permutation on its vertices labels between v; and v3 or between
v9 and vy; The transmission amplitudes were defined with z = etkt,

Number Number of . Transmission
Subgraph of edges isomorphisms Probability Amplitude aé’;’z)(k;)
F
@ 5 1 » 16(1 + 2)22
27+ 92+ 622 — 623 — 24 — 325
4(1+2 222 3) 22
«q\ 4 4 pA(1 = p) (1422422 +2%)2
94924822 — 24— 25
822
<> pH(1—=p) o
/l/ 3 2 p*(1 —p)? 23
2 (1 + 22) 22
; . 3 4 3 1 — 2
<\ p(1—p) 5T
2(1+ 22%) 22
. 3 2 3 1 — 2
/I\ r=p) 3+ 22
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L
+p*(1 - p)? (2 o () T4 o’ (k) 2)
+p*(1 - p)? (2 o (k) T2 o () 2)
+p*(1 - p)? (2 o () T4 o () 2)
+p*(1 —p)? (2 U%’j)(k) ! +2 U%Z_)(k) 2)

From that, the transmission probability for R(F%(Z) can be analysed
as a function of k¢ and p is illustrated in Fig. 5.6.
Another case is for the complete graph minus one edge but now with

six vertices (I'ge), as illustrated in Fig. 5.4(b). The increment of two

Figure 5.6 — The exact transmission coefficient for the RQG R(F%(Z) as function of k¢ (wavenum-
ber x edge length) and p (randomisation parameter).

)

AT

Source: the author.
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vertices implies in the graph now having 14 vertices, and consequently it
has 2'* = 16384 subgraphs. This can be considered as a transition case,
where this number of quantum graphs is not a problem in the computation
of its scattering transmission, as in the case of the biggest ensemble - for
the subgraphs with 7 vertices - contains (174) = 3432 subgraphs, but also
it has values that are a good case to do statistics taking samples on these
ensembles.

The results obtained are illustrated in Figure 5.7, where the scat-
tering amplitudes in each subgraph are displayed in thin blue curve plots,

the exact average transmission coefficient is shown in a thick red curve,

Figure 5.7 — Transmission coefficients, the exact and approximated average transmission for the
ensembles of quantum subgraphs I'% from F%(g with |Ep2 | = 0,1,...,14. The top
left numbers shows the number of edges of the subgraphs; The blue curves in the
background are the transmission coefficients of the subgraphs in the ensemble, the
thick red curves are the exact average transmission of the ensemble, while the thin
black curves are the approximated average transmission by taking up to 250 Monte
Carlo samples of subgraphs from the ensemble.

Transmission coefficient

0 s 21 0 s 21 0 s 27
Wavenumber x edge length, k¢

Source: the author.
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while the approximated transmission coefficient, obtained by taking up to
250 Monte Carlo samples, is presented in a thin black curve. Some new
behaviour was noticed when compared to the results for R(I'k¢), as in the
case of the suppression region around k¢ = m, it was verified that this re-
gion still remains without further changes until the removal of 4 edges (10
to 14 vertices present), or even up to 7 where the transmission is very low
on average. This can be interpreted as the resilience of the structure to
some imperfections, such as the removal of edges. If the quantum graph
aimed was used as a filter to suppress signals with this range of wavenum-
bers, even with some edge removal it would still be able to be used in this
task.

With these average values of the transmission coefficients, the Eq.
(5.11) from Definition 2 was used to obtain the result shown in Fig. 5.8.
The data obtained were compared with the exact case for the same graph.
The results were almost indistinguishable, with a maximum difference of
2.3%. This shows a strong agreement between both methods and confirms
the validity of this approximation method.

Furthermore, instead of evaluating the transmission coefficients for

Figure 5.8 — Approximated transmission coefficient for the RQG R(F%(g).

Source: the author.
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all values of k¢, such as those in Figure 5.7, it is possible to focus on specific
values. In Figure 5.9 the transmission probability was evaluated at k¢ =
/8 and k¢ = m as a function of the number of edges of the graph. From
these results we notice for k¢ = 7 /8 that initially there is no transmission,
their values spread, increasing the average value, reaching their maximum
at 6 edges and then it decreases without reaching 0. On the other hand,
at k¢ = m, the subgraphs with 2 to 9 edges, the possible transmission
values are dichotomous, 0 or 1, and its average value shows the proportion
of between these values, showing that the ensemble of subgraphs with 5
edges is the one that contains more subgraphs with maximal transmission.

These average values can also be weighted by plPrl(1 — p)lEe\Frl as

Figure 5.9 — The scattering transmission for the quantum subgraphs of Fzg and its average
value at k¢ = w/8 and k¢ = 7, as a function of the number of edges. The blue
dots are the values obtained for each element in the ensemble of spanning subraphs
from Ff(g,; The black dots with a dashed line are the average transmission value in
the samples.
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in Proposition 2. This allows us to analyse the global behaviour as a
function of the randomisation parameter p for the calculations of the RQG
scattering coefficient. The results are illustrated in Fig. 5.10 for the RQGs
R(F%{z), with n = 6,7 and 8. The maximum value of the transmission was
noticed to decrease and is also shifted to the left as the number of vertices
increases. Hence, Table 5.2 was constructed, which contains the values n of
the vertices in the target graph, the value p,, which is the point in p where
the average transmission is maximum and its respective transmission value.
This shows that RQGs can have higher transmission probabilities when
compared with deterministic quantum graphs (for p = 1), an interesting
feature that can be used as a variable for optimisation in quantum graphs,

to find the best values of p in which the transmission is maximised from a

Figure 5.10 — The approximated transmission for R(I'%..) with n = 6,7 and 8 for k¢ = /8 and
k¢ = w, as a function of the randomisation parameter p.
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86

given set of random edges.

Table 5.2 — Values of the randomisation parameter at the maximum of the approximated trans-
mission probability for the RQGs of Figure 5.10. n is the number of edges; pm:
value of p in which maximal value of 7 is achieved.

n Pm 726,%5)(71-/8’])“1) n Pm 7;;{1,}%(6)(777]7171)
6 0,458 0,436 6 0,334 0.259
70,365 0,358 70271 0,239
8 0,305 0,307 8 0,233 0,223

Source: the author.

Throughout this chapter, a randomisation method was employed in
which a given quantum graph had some probabilities p associated with the
existence of each of its edges. On the randomisation parameter, someone
can suggest utilising some quantum system as a source of random values.
As a quantum graph is a quantum system from which probabilities are
associated with its scattering output, in the following chapter a way to
randomise a given graph by utilising the outputs of other quantum graphs

will be defined, and the implications of doing so will be investigated.
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6 QUANTUM STATES FROM SCATTERING IN QUANTUM GRAPHS

The processing of information obtained by quantum systems is a topic
of enormous interest nowadays, as topics such as quantum cryptography
and quantum computation have shown their importance in solving hard

102 Systems in quantum information studies use qubits!'?®

classical problems.
or even qudits to define two-level or d-level systems, respectively, such as
electron spin, photon polarisation, atom energy levels, and so on. In this
chapter, we propose using the scattering of a particle on a QG to define
these discrete quantum states.

For a given QG TI'%, or simply I'¢ as we will work with only two

scattering channels throughout this chapter, with leads labeled as [, and

(lo)
r tG
Sr,, = ( G (h)) | (6.1)

where t¢ is the transmission amplitude of the QG while rgj) is the reflection

[y, its scattering matrix is

amplitude in a given lead [;. For a particle in a given lead [;, it is defined
to be in a state |[;), or simply |j), for two scattering channels, I, and [;,

their respective states can be written in the matrix form

|®QQ, u>(f>. 0:2)

Hence, its scattering matrix can be rewritten as

Sre = 15 [OXO] + te (|0)1] + [1)(0]) + 5 [1X1], (6.3)

or for QGs with equal reflection amplitudes from both sides, with Tg_) =

7”(7) =Ta,

Sre = ra ([0)0] + [1)1]) + te (J0)1] + [1)0]) - (6.4)

Thus, for a particle scattering through the QG I'¢ with initial state
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|0), the final state |I'g) is
Ta) = Srq10) (6.5)
from Eq. (6.4), becomes
Fa) =71 |0) +ta (1), (6.6)

a state of superposition between the two possible output channels, with
amplitude obtained by the scattering process. This model is illustrated in
Figure 6.1, where the particle coming from lead [y with the input state |0)
scatters through the QG I'¢ and after the scattering on it, the output state
is 7¢ |0) +tq |1).

6.1 CONTROLLED CHANGES BETWEEN TWO QGS

Let us introduce two QGs, Alice’s QG (I'4) and Bob’s QG (I'p).
The system composed by them will have its Hilbert space composed by the
spaces of these subsystems, H = H ® Hp.

Now consider the following situation. When the particle in Alice’s
system is reflected, measured in the state |0),, there are no changes in
Bob’s QG, being defined by |I'p)z. However, when the state |1) , is mea-

sured in Alice’s QG, some change is done on Bob’s QG, modifying it from

Figure 6.1 — The scattering in quantum graphs. (a) Before the scattering on I'g the particle is
on the lead ly, with initial state |0). (b) After the scattering on I'g the output state
is defined by the scattering amplitudes r¢ to reflect to the same lead [y, being in
the state |0); and t¢ to transmit through the QG to the lead l;, being in the state
|1). For simplicity, a general quantum graph ' is represented by a single vertex,
which is defined having the same scattering amplitudes.

(a) (b)

10) ta|1)
—_— —_—

rG |0)
_
lg ll lo @ ll

Source: the author.
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I'p to I'pr, and consequently having the state |I'p/) 5. In this case, Alice’s
QG acts as the controller system, while Bob’s QG is the one being con-
trolled. The possible modifications can include any changes that modify
the scattering amplitudes on Bob’s quantum graphs, such as edge length
changes, potential applied to its edges, changes on the boundary conditions
of the vertices, changes on its connectivity, and so on.
The operator that makes these controlled changes in the QG is given
by
CSp.p = 104)04] © Sr, + [1a)1a| © St (6.7)

that is, a controlled gate that performs the modification I'g — I'p ac-
cording to the measured state of |[I"4). Thus, the state of QG interaction,
illustrated in Fig. 6.2, can be written as [¥4p) = CSg 5 [04) ® |0p) =
74 104)R|p)+ta |14)®|p) . When |I'p/) = |I'p), the state is easily separa-
ble as |V 4p5) = [T'4)®|'p). Using the shorthand notation |is)®|j5) = |7, j),

we can write the scattering state as

|\DAB> = TATR |O, 0> + 7ratp ‘0, 1> + tarp |1, O> + tatp ‘1, 1> . (6.8)

Figure 6.2 — Illustration of the system of two quantum graphs, I'4 connected to the scatter-
ing channels lp 4 and l; 4, and I'p connected to the scattering channels /o p and
l1,g. When there is an interaction between both systems at D - related with the
transmission in I'4 - it results in a controlled operation applied on I'g turning it
into I'gs. In blue the states associated with the interaction at D of the particle in
the lead [1 4 are represented; In red the states associated with the particle back
scattered in I' 4, reflecting to the lead Iy 4 are shown.

10) 4
lo,a ? D l1,a
mEn FA ! mEn
r40) 4 tall) E
E I'p—=Tp
DI
lo,s E— . I8
mEn B mEn
r510)p tp|l)p
B ()>B f/;/ 1>B

Source: the author.
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Whose density matrix is given by p = |¥) (V| and has the matrix form

7 42|75 \TA|27“BtE rarpthry Tarptity

lral’tpry  |ralPltpl? ratptirlh ratptith (6.9)
P = .

tarpriry tarprity |tal?lrel?  |tal*rets 7

tatpriry tatprity |tal’tery  |tal|ts]?
which allows to verify the properties of this quantum system defined. Now,
let us verify the possible measurements from Alice and Bob in the inter-

acting system by analysing its density matrix.

6.1.1 Partial trace and measurements on states

The system proposed here is composed of Alice’s system and Bob’s
system, both being denominated as subsystems of the QGs interaction
system. These subsystems are on the Hilbert space H4 and Hp. Defining
the eigenstates |u;) a basis of H4 and |v;) a basis of Hp, a total trace of

the system would be defined as
Tep =Y Y (ui,vsl plui,v;). (6.10)
i

Now, suppose that an observable on Alice’s system is defined as M 4. The
measurement M, by Alice and no measurement by Bob implies in the

average value of the outcomes given by
<MA®]B>p:TI‘[(MA®]B),O], (6.11)

where Ip is an identity operator in Bob’s system. Alice will have only
access to her own system; thus it is interesting to describe the density
matrix of the subsystem A. This is achieved by the partial trace that can
be used to describe the observables outputs in quantum subsystems that
compose a larger system. For instance, a partial trace of Bob’s system,

returns a the reduced density matrix related to Alice’s system, written as

Trg p = pt. (6.12)
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The elements of the reduced density matrix p? are

(il p* us) =) (wivj| plui,vg) (6.13)
J

Similarly, the elements of p” are

(Wil pP o) = (i 5] p lui, vjr) - (6.14)
From these definitions, it is possible to verify the measurements in the
system of controlled changes on QGs. 04106
Applying the partial trace on the density matrix defined in Eq. (6.9),

the reduced density matrix for Alice’s subsystem is

N ral” [rB|” + [ral [ts]” rarptiry + ratptits,
- . % . 2 2 2 2 (6.15)
tATB/TATB +tAtB’7'AtB |tA| ‘TB/‘ + ‘tA| ‘LLB/‘

and simplifying with |r;|* + |t;|* = 1,

A ‘TA|2 TAtz (T’BT’*B/—i—tBt*,)
pt = . . . ) (6.16)
tA?nA (TB/TB—i_tB/tB) |tA|

As Alice have the controller system, the measurements in each channel will
return |r4|* and |t4]°. By doing the partial trace over the first subsystem,

we obtain the reduced density matrix for Bob’s subsystem

(6.17)

P ral?|r|? + [talPlre | |ralrety + [talrets
ralters + [talters  |ral?lte]? + [tal|ts|?

From that we obtain the expected transmission value in Bob’s QG as
(1 p%11) = |raPlts]® + [tal*ts]?, (6.18)
that can be rewritten by defining a parameter p = |t4|> and then we have

Tg(k,p) = (1 —p) |ts|” + plte |, (6.19)
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similar to the case presented in Definition 5.2.1. Hence, the measurements
in Bob’s QG scattering channels can be studied as a linear combination
of the two possible transmission probabilities of the system. A similar
situation to the case studied in the last chapter for RQGs, but in this
case with only two possible situations, with the parameter p related to the
probability of the output in the controller.!%?

The partial trace, in addition to being used in the prediction of out-
comes within individual subsystems, also enables the examination of infor-
mation and entanglement characteristics of the system. Thus, the following
subsection focusses on analysing the von Neumann entropy and the entan-

glement entropy.

6.1.2 Entanglement entropy

In classical information theory, there are some measurements, such as
Shannon entropy, which gives a measurement of the information obtained
from a set of events or a conditional entropy which measures the correla-
tion between these events. Going to the theory of quantum information,
some measurements of the information obtained in its respective systems
are defined, which allows us to verify the differences between the informa-
tion obtained between both cases. In this direction, there is a quantum
information measurement that can be said to be an analogous approach to
the Shannon entropy on quantum systems, the von Neumann entropy. The
von Neumann entropy is defined from the density matrix p of the system

H (p) = —Tr(plogy p) (6.20)

which can be rewritten from the eigenvalues A; of p,
H(p)=—> Ajlogy A (6.21)
J

When taking the von Neumann entropy of the reduced matrix of a

system defined by a pure state of two subsystems A and B, it receives
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the name of entropy of entanglement, and for values different of zero, indi-
cates that these subsystems are entangled. By taking the reduced density
matrix for the two levels subsystem A, with eigenvalues A, and A_, its

entanglement entropy is
H (p*) = =i logy Ay — A_logy A (6.22)

This entropy is maximised in the case that both eigenvalues are equal,
and is minimised when one of them is equal to 0. Also, this defines a
measurement of entanglement for bipartite systems,

Returning to the proposed system of QGs, from the reduced density

matrix obtained in Eq. (6.16), which have eigenvalues

1 2
As =3 (1 + \/(‘M\2 —[tal) "+ Alral feal rory —|—tBt*/|2> . (6.23)

The entanglement entropy of this system is maximized when these eigen-

values are equals, which is achieved when A\, = A_, which is satisfied for

2
\/(|TA|2 - \tA\2> A lral* [tal [rpry + et ] = 0. (6.24)
After some manipulation and using |r4|> = 1 — |t4]%, we have

* * 1
ral? eal? (1 = oy + tath ) = 7. (625

The only solution is obtained for |r4|* = |t4]> = 5 with |rpryy, + tpth|” = 0.

The first condition, with |r4|* = |t4|* = 1, retrieves the situation with
maximal scattering entropy in this QG, which occurs under when there is
an equal probability of scattering across all channels. This indicates that,
in order to obtain maximal entanglement entropy within this system, the
scattering entropy of the controller subsystem must also be maximal. This
is only realised when the channel where the particle will be detected is

completely indeterminate.



94

For the second condition, the scattering in Bob’s QG must follows
that can be rewritten as
TBT*B/ — _tBt*B’ (627)

Taking the absolute squares of rpry, and tpty,, and after some simplifica-
tions, we obtain

rellre|® = |ts*|ts|*. (6.28)

As |r|* + |t;|* = 1, we thus have

(1= [ts)(1 = [te]*) = [tallts]*, (6.29)
L—tg]* = ltp|* + tallts|* = [tsl*lts |, (6.30)
tp* =1—|tsl, (6.31)

‘tB’P = ‘TB|2. (632)

This implies a flip between the scattering probabilities before and after the
interaction.

Thus, we can simplify the restrictions to

)
ral” = |tal* =1

re|* = |ts]” (6.33)

o

| [tpr]” = |rsl”

in which the maximal entanglement entropy is achieved.
However, if the entanglement entropy is 0, the system will be sepa-

rable, in this case,
ral’ [tal® (1= lrorly + toty ) =0, (6.34)

This is obtained when the transmission probability in Alice’s QG is either
0 or 1 in Alice’s QG, or when |rpry, + tBtE,\Q = 1, which can be obtained
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when there is no changes in the controlled quantum graph scattering prob-
abilities. That is, the entanglement entropy of this system is zero if the
scattering entropy in the first QG is zero, or if the operation performed in

the second QG is equivalent to a global phase.

6.2 RESULTS

From the proposed system for interaction between two QG by con-
trolled changes, it is possible to advance on the comprehension and verify
the implications of this model by studying some cases. Therefore, in this

section, we will exemplify some cases of possible controlled operations on

QGs.

6.2.1 Two QGs with a controlled phase in the transmission channel

As a first example, let us define a system that does not actually
change the structures of a QG, but affects its transmission amplitude. Con-
sider Alice’s QG I'4, with scattering amplitudes r4 and t4 and Bob’s QG
['p, with scattering amplitudes rp and tg. Alice’s subsystem contains a
point D where its transmission channel /; 4 interacts with the second sys-
tem, applying a phase ¢ in the transmission channel [; g, as illustrated in
Figure 6.3 — The controlled scattering system of two quantum graphs T4 and T, where the

controlled operation in the subsystem B is a phase ¢ applied on the scattering
channel [

10) 4
l(),A D ll,A
| | | | FA ! mEn
r4]0) 4 tall)
— —_— :
0) 5 :
lo,B = li,p
| | | | FB (p mEn
TB|0>B tB|1>B t3’1>3
— —_— —_—

('j;[b’ “>U

Source: the author.
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Figure 6.3.

By applying a phase on the transmission channel of the second sub-
system, its reflection is not affected, only its transmission will receive the
increase in phase. Thus, after if the controlled phase is applied on Bob’s
subsystem, its scattering amplitudes become 75 and e**tp. In this way, the

state of this system is obtained from Eq. (6.8) becomes
W) = r475(0,0) +7ratp |0,1) + tarp|1,0) + e“tatp|1,1). (6.35)

The conditions for obtaining maximum entanglement in this system are
shown in Eq. (6.25). From that, we have

L 2\ 1
ral? [tal? (1= |Iral? + et ) = =, (6.36)
4

Figure 6.4 — The entanglement entropy as function of the transmission probability [t4|? and

ltp|?, from Alice and Bob quantum graphs, for controlled phase 7 is applied in
Bob’s QG changing its transmission to tgr = —tpg).

Entanglement entropy

| —

ltsl®

—

ltal®

Source: the author.
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expanding it with \Tj|2 =1- \tj|2

9

) P 1
tal* (1= [tal?) (1 —[1- (=) P ) -5 (637)
As 0 < [t A\Q < 1, the only solution is found for
2 1 —q 2
tal” = 3 1 (1—e")|tg]” =0, (6.38)

with 0 < \t3|2 < 1 and for a real ¢, we found that the only solution is
given by

1 1
tal? = lral =5 el = sl =5, o=@+ D) (6.39)

This implies that to achieve maximum entanglement in this system, the
scattering probabilities on both QGs must be the same in each of its chan-
nels, together with the controlled phase on the second subsystem being
¢ = {m, 3,57, ...}. Returning to the scattering entropy of QGs, both QGs
must have maximal scattering entropy, having the same probability to both
scattering channels. This reminds a case of the so called graph states, in
which all the possible states have the same probability and it is prepared
with a controlled-Z gate, which acts by applying a phase ¢ = 7 in the
controlled qubit. 17

On the other hand, from the separability condition obtained on Eq.

. this wi € Separable 10r
(6.34) this will b ble f
. 2
raPlal? (1= firal? + e eaf ) =0 (6.40)

This condition will be satisfied whenever |r4|* = 0, [t4]° = 0, or ¢ = 2nx
are satisfied. Thus, for separability of the systems, the scattering entropy
of Alice’s QG is 0, or the applied phase on Bob’s QG does not affect its
transmission amplitude.

The entanglement entropy of this system is illustrated in Figure 6.4,

where the phase in which maximum entanglement is achieved, ¢ = 7, was
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applied. There, it is possible to visualise these limiting cases, where the
maximal and minimal entanglement entropy are achieved as functions of

the transmission probability in both QGs.

6.2.2 Quantum state from the scattering in a star QG.

As another example, consider the star QG as illustrated in Figure
6.5 (a), using the approach discussed in Section 3.2, we can obtain the

scattering matrix

1 — tan (kfy3) e**h2 9tk 2+2.4)
St

+ 7 20+ tan (klys) 2eklatls)  _ tan (klyg) e2ikles

(6.41)
As the edges length ¢ » and ¢34 only contribute in exponential terms, it is
possible to redefine them as to the phase a = kfy 5, 8 = kla4, as well as
simplify ¢y 3 = ¢, which can also contain a phase change k¢ — k{+ ¢. This
situation is illustrated in Figure 6.5 (b) in which the edges that contribute
only with a phase shift on the scattering were replaced by an equivalent

phase shift. From that, we thus have

B 1 —tan (kf + ¢) e**@ 2ieih(a+h)
t 20+ tan (K0 + ¢) 2ietklath) —tan (k€ 4 ¢) 20 |
(6.42)

In order to reproduce the operation of some quantum logical gates,

St

a possible case is the operator defined by the Hadamard matrix. In this

Figure 6.5 — (a) Star quantum graph with four vertices (I's, ) and two leads ly and [; connected to
v1 and vy respectively. (b) A quantum graph with equivalent scattering amplitudes
to the QG I'g,, where the squares symbols represents phase shift operations.
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Source: the author.
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case, it will obtained by solving

1 —e?tan (k0)  2ieleth) 1 (11 (6.43)
2i+tan (k() 2jel(e+h) —e%B tan (k) Vel 1) '
which solution is given by

p

kl = nyem £ arctan (2)
§ a = (2nq + S tan (k0)) (6.44)
|8 =—-3a+ (2ns+3)7

with nge, n, and ng integers. The first positive solutions are obtained with
ny = ng = ng = 0, in which we obtain k¢ = arctan (2), a = 57/8 and
B =9m/8.

Another possible case is by taking the values that remove these

phases, a = n,m and 8 = ngm. This leads to the scattering matrix

5. 1 ( —tan (k0)  2i ) | 6.45

+ 7 2i + tan (k0) 21 — tan (k()
These results will be used in the following subsection.

Figure 6.6 — Illustration of the system composed by two quantum graphs I'4 and I'g, where a
controlled phase shift ¢, activated by a coherent interaction D, is applied on an
edge of I'g.
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Source: the author.



100

6.2.3 Controlled operation between two QGs by a controlled phase gate on

the internal edge.

In the interaction approach for QGs using a controlled change, let us
assume that Alice and Bob QG are star quantum graphs, as illustrated in
Figure 6.5, with the scattering matrix from equation (6.45), with defined
wavenumber k4 and kg for each subsystem A and B. Moreover, the con-
trolled operation between them will be defined as a phase shift ¢ on Bob’s
QG when the particle scattering on Alice’s QG is at the scattering channel
l1,4, as illustrated in Figure 6.6. Thus the scattering state in this system

is given by

—tan (ka/) — tan (kg{)
U) = 0,0
I7) = <2z+tan k;A€>(22+tan k‘Bﬁ)l’ )

—tan (ka/) 0,1)
2i + tan (ka{) 22—|—tan (kpl) ’

< —tan (kgl + ¢) )|170>

(6.46)

+ (2z—|—tan kal) 2i + tan (kpl + ¢)

i (2z'+tan (kA€)> <2z+tan2(ZkB£+¢)) 11

From evaluating its density matrix, p = W) V|, and its reduced den-
sity matrix, p? = Trp (p), it is possible to obtain the entanglement entropy
from the eigenvalues of p4. Thus, the result obtained is illustrated in Fig.
6.7 (a) as a function of k4, kp and ¢. From the condition for maximal
entropy, Eq. (6.25), we got that

1
ral” [tal” (1 — |rpri + tBt*B,P) =7 (6.47)
which the solution are found with

1
|TA’2 -5
2 (6.48)

Ty +tpty = 0.
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Thus,
4 1

4 + tan? (/{ZAK) 2’ (6.49)
tan (]{JBE) tan (kgg -+ gb) = —4,

which leads to the solutions as function of k4 and ¢ as

ksl = nygm £ arctan (2) ,

3 sin (2/{336)
— — arct
¢ ek <5 + 3 cos (2kpl)

(6.50)

)+ @+

ro |

Further details on obtaining ¢ is presented in Appendix D. These values
were used in Figure 6.7 (b), where the cross section was taken from Figure
6.7 (a) at ksl = arctan (2), and the dashed line in it shows the maximal
entanglement entropy.

Finally, from the quantum states defined by Eq. (6.46) and the
conditions for maximal entanglement entropy, we can obtain some max-
imal entangled quantum state. The first example is given by assuming
ka4l = arctan (2) and kpl = arctan (2), for which the phase can be defined

as ¢ =5 — arctan?1 and results in the state
7 1 i 1
Uy) = —— ——10,1) — =1 —11,1). b5l

And, for a second example, when assuming k4¢ = arctan (2) and kgl =

7/2, the entanglement entropy is maximal for ¢ = 7/2 and the obtained

state is »
6—7,71'
Uy) = 0,0) +2(1,1)). 6.52
W) 7 (10,0) +4[1,1)) (6.52)
From which, the Bell state
1
%) =2 (0,0) +[1,1)) (6.53)

can be obtained by choosing one of the subsystems and applying a global

phase 7/4 and a phase shift 37/2 on its transmission channel.
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Figure 6.7 — Entanglement entropy of a system with two quantum graphs I'4 and I'p, as illus-
trated in Figure 6.6, with respective wavenumber k4 and kp and a controlled phase
shift ¢ applied in a edge of I'g. (a) Entanglement entropy as function of all the
three variables kuf, kgl and ¢. (b) A cross section of the entanglement entropy
of this system, taken in k4¢ = ¢ = arctan?2, where the function of ¢ where the
maximal entropy is achieved, is highlighted by a black dotted line.

Entanglement entropy

/20 kol

Source: the author.
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7 FINAL REMARKS

In this thesis, the concepts of graphs and their application in the
quantum graph model have been explored. Starting with matrix definition
of graph, and the definition of quantum graphs, in which the Green’s func-
tion approach can be defined from the adjacency matrix of the graph. With
this method, we showed how to obtain the scattering amplitudes and the
scattering matrix of these systems to understand the quantum transport
on these structures.

We applied an informational entropy to the scattering probabilities
of quantum graphs. This entropy aimed to show the distribution of the
scattering over the different channels and was shown to be an interesting
tool to investigate cases with a large number of probabilities involved, such
as for quantum graphs with n channels. We also investigated the behaviour
of the transmission amplitudes and the scattering entropy in some families
of graphs, looking for the properties of their transport as a function of the
wavenumber k. Furthermore, we obtained equations for series and parallel
arrangements, which together with the methods used here can be applied
to investigate larger networks recursively.

An application proposed here was to investigate filament formation
and memristive devices. A computational routine was elaborated to eval-
uate filament formation by ions in the presence of a difference of potential
between the electrodes and the respective graphs from these filaments.
From these graphs, we evaluated the electrical current on them and the re-
sults showed a hysteresis, as expected for memristive devices. Finally, we
applied a Monte Carlo method to evaluate many cycles of filament forma-
tion and compared their results, verifying the behaviour of the hysteresis
as a function of some parameters of the system.

Next, motivated by the evaluation of transmission in random struc-
tures, we elaborate a method for studying randomisation on quantum

graphs. Two approaches were considered, one of the exact transmission
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coefficient, taking all the spanning subgraphs, and the approximated, tak-
ing random samples of possible subgraphs. This last method is suitable for
randomisation of graphs with many edges, especially when treating graphs
like the complete ones, as their number exponentially grows with the num-
ber of vertices. We also noticed the behaviour of the transport at some
values of k¢, and verified that some values of transmission can remain the
same or close to it even with the removal of some edges. This can be used
in optimising these networks, aiming at the transmission or suppression
of the signal in some values of the wavenumber without needing a large
number of connections.

Finally, we discuss an approach that uses a quantum state of scat-
tering, obtained by the scattering matrix of the system. This allowed us
to propose a case of interaction between two particles in different quan-
tum graphs by a controlled operation in a graph induced by the other.
From that we were able to discuss the state composed of both systems,
whose amplitudes are controlled by the scattering amplitudes of the re-
spective quantum graphs, and found a link to the randomised quantum
graph, where the controller is acting as a randomisation parameter of the
controlled system. We discussed the von Neumann entropy on them and
found the conditions under which there will not be entanglement or the ones
that led to an ideal controlled operation to find maximal entanglement; for
this last situation we found a relationship with the scattering entropy of
the graph used as a controller. Finally, examples of controlled operation
between them were discussed, in the first one finding conditions similar to
the graph states; and in the second one, where the operation is inside the
second network, we discussed the necessary operations to achieve entan-
glement in such systems and exemplified the possible maximal entangled
states that can be obtained for it.

For future works, we can list

e Studies on the inverse problem of quantum graphs, obtaining the pos-

sible quantum graphs in which a given scattering matrix is obtained.
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e Analysis of the poles of the Green’s function in quantum graphs and
the change on its spectra with some parameter changes. This can also
be studied together with the randomized quantum graph models, and

even propose further randomization models.

e Extension of the model of filamentary switching in quantum graphs, by

applying different potential along the edges according to its position.

e Apply the weight sum of transmission probabilities on quantum graphs

to models of structure changes or even in dynamical graphs.

e Studies on the quantum graph interactions model to apply more con-
trolled operations on it. This can lead to some directions, the first for
interactions between more than two quantum graphs and the other for
applying on quantum algorithms and modelling some of the already

existing ones.
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APPENDIX B TRANSMISSION COEFFICIENT IN QGS

This appendix is dedicated to show the obtaining of transmission
coefficients in some quantum graphs from the Green’s function approach.
From Eq. 3.15 for the scattering in a quantum graph between two different

leads, we have

Ore, (g, 253 k) = =T (k) e, (B.1)
th?k '¢
and
(f.1) u
Ty, (k) =t ZAi,jPi,j (B.2)
j=1

we can go directly to the obtaining of the equation systems that gives P ;
and for then obtain this transmission amplitudes.

B.1 Path graph P, The transmission is obtained from the equation

system
Pio = 1™ Pyy + toe™,
pome (B.3)
P271 = ?“1€Zk€P172.
Solving for P o
Py = riroe®™ Py + tye™. (B.4)
Simplifying,
P o(1— T‘1T262ik£) — toe'*’, (B.5)
t ikl
2 (B.6)

Py = —,
b2 (1 — ryrge?ikt)
Multiplying by the transmission amplitude in the entrance vertex, we ob-

tain it transmission amplitude

t1t2€ik€
Ir,, = . B.7
L'y (1 — ryroe?iht) (B.7)




Similarly, the reflection amplitude is obtained from

19
Py =1e""Py,
Pg’l = T1€ZMP172 + tle’ke.
Solving for P o,
Pro = roe™ (r1e™ Py + t1e'™)

P 5 (1 - 7"17“262ZM) = t1r9e”

Then, the reflection amplitude is obtained by

Rr, =m+t1P12

t%T’QBQZ’M

Rr, =r1+ — .
Py 1 — T17“262ZM
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(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

B.2 Cycle graph Cy The transmission amplitude on a quantum graph

Cy entering in the vertex 1 and exiting in the vertex 4 is obtained by the

equation system

Pio =21 (rePaq +taPay
Py =z (mPig+t1Pi3

)
)
Pi3 =2 (r3Ps1 +t3Ps4)
P31 =2 (rmPis+tP2)

Pio =z (roPoy + taPs1)
Psy = 29 (r4Pyg + taPyo + ty)

(
(
(
(
Poy =21 (ryPyo+tsPy3+ts)
(
(
(

Pisz =2 (r3Ps 4 +t3P31)

\

(B.13)

Here, to illustrate, we will do some simplifications to obtain the transmis-

sion in two edges in parallel between two vertices. To do that, we will

assume from the Neumann-Kirchhoff boundary conditions that r = ry =
—1/3, tl = t4 = 2/3, o = T = 0 and tQ = tg =1 In addition, we will

redefine the metric at these edges by z; = zt}l/ ? and 29 = zl}

2
. Thus, we



have )

P1,2 = 251/2 (P2,4)
Py = ZXQ (—=3P12+3Pi3)
Pz = ZZQ (P34)

) P3y = 2;2/2 (—3Pi3+ 2P12)
Poa= 2" (—§Pia+3Pis +3)
Pyo = Zl}lﬂ (P1)
P34 = 2;2/2 (—3Pi3+ 2P+ 2)

(

\
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(B.14)

Solving that for P9 and P 3, as they are the path families that starts in

the entrance vertex,

22g1 (3—2231 Zoy —252 )

P p—
1,2 9—8z, 24, —zfz—zgl +22 zgg )
220, (3—22¢, 20, — 22 3
P]_ 3 _ 2( 1762 1

© T 9—8z, 20, — 27

2 2 .2 -
22 427 2
2 Tl 17T

In this system, the transmission is obtained by
TF.Q(ZleQ) - tl(P1,2 + P1,3)-

Then, we have

22z, (3 — 220,20, — 222) + 2z, (3 — 224,20, — z?l)

Loty 69y — 2 i ;2
o(£1,42) 3 9 — 8261262 - 262 o Z€1 + Z51Z€2

4 2 2 2 2
3 (32g1 — 2,251252 — 20,2y, + 320, — 2251252 — zglz@.)

Loey,9) - 2

2 2 2
9 — 8z 20, — 2y, — 2y + 25,2,

Which can be simplified to

2 2
4 (Zzl — 2y, %0, + 20, — 24, :%)

Lotey.00) — 2 2 2
9 —8zp 20, — 25, — 2y, + 2,

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)
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arriving in the final equation

— 4 [(1 T 2122) Zfl + (1 T Zl%) 262] (B 20)
fo (3 T 231’252)2 T (251 + 242)2 . .
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Table C.1 — Transmission amplitudes of path, star, cycle and complete quantum graphs with n

vertices.

n | P, Sn C, K,
3 2 2(z+z3) 4z(1+2z+222+23) 4z(1+2z+222+z3>

o 3122 919248222125 04924822 —21—20
A 3 2(z+zg) 4z(1+22)2 z(3+52+5z2+3z3>

< 1 9182220 121421922523 —24— 320
5 4 2(z+z3) 4z(z3(1+z)+zj7-:0 zj) 22(2+3z+3z2+223)

z 5—2z2 (142)(1—28)+8 Z?:o 23 254+212—1723—92°
6 5 2(z+z3) 4z(1+z2+2z4+26+28) z(5+7z+722+5z3)

Z 6—222 948224824210 45—92+4322 —3923+424—202°
7 6 2(z+z3) 4z(z5(1+z)+2}1:0 zj) 4z(3+4z+4z2+3z3)

c 7—322 (1+2)(1—212)48 %0 27 147492415622 — 1482342524 —7520
8 7 2(z+23) 42(1+22+z4+2z6+28+210+z12) z(7+92+922+7z3>

< 8§—422 9482248244826 — 214 112—482+12922 —12523 42724 —6325
9 g 2(z+23) 4z(z7(1+z)+2;5:0 zj) 22(4+52+5z2+423)

z 9—522 (1+2)(1-216)4+8 3% 27 162—812419922 1952344924 —982°
10 9 2(z+23) 42(1+22+z4+z6+228+210+212+zl4+216) z(9+112+11z2+9z3)

< 10—622 94822+82448264828 218 225—12524+29122—28723+8024—1442°

Source: the author.
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APPENDIX D PHASE ¢ FOR MAXIMAL ENTANGLEMENT
ENTROPY

From equations (6.49) we got the the maximal entanglement in that

case is obtained for

tan (kpl) tan (kpl + ¢) = —4. (D.1)
A solution for obtaining ¢ is straightforward from

tan (kpl + ¢) = —4 cot (kpl) (D.2)

and
¢ = arctan (—4 cot (kpl)) — kpl + ngm. (D.3)

However, for each integer n, this function is discontinuous at 2jm with j
integer. When considering all functions for the integer ng, they constitute
a set of continuous solutions on kgf, and they are the ones that we will
find in this appendix.

Let us step back and return to the equation
tan (kpl + ¢) = —4 cot (kpl) , (D.4)

rewriting the tangent of a sum, we have

tan (kpl) + tan (¢)
1 — tan (kgf) tan (¢)

= —4cot (kpl) (D.5)
which becomes
tan (kpl) + tan (¢) = —4 cot (kpl) (1 — tan (kpl) tan (9)),  (D.6)
and can be expanded to
tan (kpl) + tan (¢) = —4 cot (kpl) +4 cot (kpl) tan (kgl) tan (¢)  (D.7)

Simplifying now the product between cotangent and tangent of kpf, be-
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comes
tan (kpl) + tan (¢) = —4 cot (kpl) +4 tan (o) (D.8)

which can be simplified to

—3tan (¢) = —4 cot (kpl) — tan (kpl) (D.9)
obtaining
an (6) = 4 cot (kBK);— tan (k:BK)' (D.10)
Finally, we have that
¢ = arctan (4C0t (kBg); tan (kBé)) + nm. (D.11)
Now, let us consider the following property of the arctan(x),
arctan (x) — g = —arctan (z ) (D.12)
which can be rewritten as
arctan (z) = —arctan (z7') + B) (D.13)

Applying this property on the equation obtained on eq. (D.11), it

becomes

3 ™
= — arct —. D.14
¢ aretalt (4 cot (kpl) + tan (kBK)) Ty ( )

By rewritting the tangent and cotangent in the sine and cosine forms,

3 T
¢ = — arctan (40%(@@ N Sin(w)> +nm + 5 (D.15)
sin(kpf) cos(kp?)

that can be rewritten as

Y s (D.16)

3sin (kgl) cos (kpl)
)+

— —arct
¢ arean (4 cos? (kpl) + sin® (kpl)
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and since sin?(z) + cos?(z) = 1, we got

3sin (kpl) cos (kgf))

T
—. D.1
1 + 3 cos? (kgl) T (D17)

2

¢ = — arctan (
With sin(2x) = 2sin(x) cos(z) and cos(2x) = 2 cos?(x) — 1,

3 sin (2kpl) 7T
= —arct : = D.18
¢ e an(l—l—%cos(QkBﬁ)—i—%) ~|_TL7T+2 ( )

Finally we obtain,

3sin (2kpl)

= — D.1
¢ arctan (5 + 3 cos (2kp/) (D-19)

>+@n+n

o |

which is a continuous function along kgl for each integer n.
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